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PREFACE 
The existing literature of fuzzy mathematics had observed fuzzification in almost every 
direction of mathematics which include arithmetic, topology, graph theory, probability 
theory, logic etc. The current literature is so vast that an exhaustive survey can not 
be attempted on any topic. This also applies to the exiting literature on metric spaces 
and henceforth we are compelled to include only a selected part of the exiting literature 
rather than going all out. No wonder that Fixed point theorems in fuzzy mathematics 
are also developing with vigorous hope and vital trust. 
The present dissertation consists of four chapters. Each chapter is divided into various 
sections which are numbered in the order in which they occur in the text. A number 
like 1.1 indicates Section 1 of Chapter 1 whereas number like 4.2.3 indicates Subsection 
3 of the Section 2 of Chapter 4. As usual the numbers in brackets refer to the references 
listed in bibliography. Each chapter begins with a brief introduction to its contents. A 
brief resume of the material presented in each chapter is given in the succeeding hues. 
In Chapter 1, we have attempted to give a brief account of the historical development 
of the subject, preliminary concepts and the important results used throughout the 
dissertation. This chapter is mainly aimed at making the dissertation as self contained 
as possible. 
Chapter 2 on the metric spaces is the main and important chapter of this presentation. 
In what follows, we describe the contents embodied in this chapter. Practically speak-
ing, there do exist many situations wherein the distances between the points are rather 
inexact than being a single non-negative real number which led to the introduction 
of probabilistic metric spaces that still continues to be a subject of interest for the 
researchers of this domain. But if uncertainty is due to fuzziness rather than random-
ness, then in this situation concept of fuzzy metric space is relatively more adequate. 
Inspired from these observations, Deng [21], Erceg [28] and Kramosil and Michalek 
[60] introduced the notion of fuzzy metric spaces by generahzing the concept of the 
probabilistic metric spaces to fuzzy situations. George and Veeramani [35] modified 
the concept of fuzzy metric spaces introduced by Kramosil and Michalek [60] and de-
fined Hausdorff topology of fuzzy metric spaces which is later noted to be metrizable. 
They also showed that every metric induces a fuzzy metric. Various properties of fuzzy 
metric spaces are discussed in [35,37,39,40]. 
On the other hand, Kaleva and Seikkala [55] generaUzed the notion of metric spaces 
by setting the distance between the points to be non-negative fuzzy numbers wherein 
triangle inequality is realized by defining an ordering in the set of fuzzy numbers. In 
[105], Xia and Guo also redefined the fuzzy metric spaces using fuzzy scalars instead 
of fuzzy numbers or real numbers along with some results on completeness of fuzzy 
metric spaces. The approach of Xia and Guo [105] is more natural and soothing and 
as per our expectation, it will inspire further developments in near future. In all, 
in this chapter, we have presented various notions of fuzzy metric spaces given by 
Kramosil and Michalek [60], Deng [21], Erceg [28], Kaleva and Seikkala [55], George 
and Veeramani [35], Xia and Guo [105] and others. Section 2.6 deals with topological 
structures and related properties for fuzzy metric spaces in the sense, of George and 
Veeramani [35]. Most of the results in this section are due to George and Veeramani 
([35,37]) and Gregori and Romaguera ([39,40]). In the end of the chapter, we discuss 
the notion of round fuzzy metric spaces as given by Efe [25]. 
Chapter 3 of the dissertation is based on selected fixed point theorems in fuzzy metric 
spaces which are described in the following lines. In the recent past, many authors have 
studied the fixed point theory in fuzzy metric spaces. Grabiec [38] proved the first ever 
fuzzy version of Banach contraction principle [8] in complete fuzzy metric spaces besides 
proving Edelstein [23] fixed point theorem in compact fuzzy metric spaces. The notion 
of compatible maps, compatible map of type(a) and compatible map of type(/3) were 
introduced and studied by Cho [16] and by Cho et al. [17]. Vasuki [100] introduced 
the concept of /2-weakly commuting mappings in fuzzy metric spaces and proved a 
common fixed point theorem for a pair of i?-weakly commuting mappings satisfying a 
Boyd and Wong [11] type contraction condition which is a fuzzy version of a result due 
to Pant [77]. Following Grabiec [38] as well as Kramosil and Michalek [60], Imdad and 
Ah [49], Vetro et al. [103] and some others obtained common fixed point theorems for 
compatible as well as asymptotically commuting pair of maps on fuzzy metric spaces 
which generalize, extend and fuzzify several fixed point theorems for contractive type 
maps akeady known in metric and allied spaces. Most recently, a number of fixed 
point theorems have also been obtained by various authors in fuzzy metric spaces by 
using the notion of weak conditions of commutativity of involved pairs of mappings 
(e.g. [48,49,103]). 
VI 
The last and final Chapter 4 is devoted to selected results on intuitionistic fuzzy metric 
spaces initiated and studied by Park [78] and Alaca et al.[3]. The second section of 
the chapter is based on definitions, examples and elementary results in respect of 
intuitionistic fuzzy metric spaces. In sections 4.3 and 4,4, we present the problems of 
metrization and completion in respect of intuitionistic fuzzy metric space as formulated 
in Park [78]. In the end of the chapter, we discuss some selected fixed point theorems 
in intuitionistic fuzzy metric spaces which include core results contained in Rafi and 
Noorani [82], Alaca et al. [3] and Turkoglu et al. [98]. 
As usual, dissertation concludes with a bibliography which by no means is an exhaustive 
one but lists only those books and papers which have been referred to in this exposition. 
vu 
LIST OF SYMBOLS 
N : The set of all natural numbers 
Z"*" : The set of all positive integers 
M : The set of all real numbers 
K+ : The set of all non negative real numbers 
R" : n-dimensional Euclidean space 
f{x) or fx : Image of x under / 
iff : If and only if 
inf : Infimum (or greatest lower bound) 
sup : Supremum (or least upper bound) 
Um Xn = X : Limit of the sequence x„ 
Max : Maximum 
Min : Minimum 
|x| : Absolute value of x 
—>, 4=> : Implication and logical equivalence 
A = B, Ay^ B : Equality and Inequality for sets 
[a,b], [a,b) etc. : Intervals on the real line 
0 : Empty set 
e : Belongs to, belonging to 
^ : Does not belongs to 
V : For all 
CHAPTER I 
PRELIMINARIES 
1.1. Introduction 
In 1965, Lotfi Zadeh [106] introduced the concept of fuzzy sets as a means of handling 
uncertainty that is due to imprecision or vagueness rather than randomness. Fuzzy 
set theory is very much a paradigm shift that first gained acceptance in the Far East 
and its successful apphcation has ensured its adoption around the world. In classical 
set theory the membership of an element in relation to a set can only be one of two 
values: 0 or 1. An element either belongs to a set completely or does not belong at all. 
No partial membership is allowed. By contrast, fuzzy set theory permits the gradual 
assessment of the membership of elements in relation to a set; this is described with 
the aid of a membership function valued in the real unit interval [0,1]. 
A fuzzy set is a class of objects with a continuum of grades of membership. Such a set 
is characterized by a membership (characteristic) function which assigns to each object 
a grade of membership ranging in between zero and one. The notion of a fuzzy set pro-
vides a convenient point of departure for the construction of a conceptual framework 
which parallels in many respects the framework used in the case of ordinary sets, but 
is more general than the latter potentially, may prove to have a much wider scope of 
applicability, particularly in the fields of pattern classification and information process-
ing. Essentially, such a framework provides a natural way of dealing with problems 
in which the source of imprecision is the absence of sharply defined criteria of class of 
membership rather than the presence of random variables. 
While mathematicians have been involved with the development of fuzzy sets from the 
very beginning, but only in recent years the theory of fuzzy sets have received serious 
consideration from the wider mathematical community which include apphed mathe-
maticians and scientists. By now, many practical and concrete problems are akeady 
resolved employing fuzzy techniques besides the advent of rigour in the foundation of 
the subject via pure mathematician. 
The fuzzy set theory has applications in neural network theory, stability theory, math-
ematical programming, modeling theory, engineering sciences, medical sciences, image 
processing, control theory, communication etc. There do exist several authors who 
had applied the ideas of fuzzy set theory in different engineering branches. We are 
mentioning some of them namely: Fetz [30, 31], Fetz et al. [32], Haider and Reddy 
[44], Lessmann et al. [63] and many others. 
Topological aspects of fuzzy sets have also been investigated intensively, but thus far no 
direct applications have been reported on account of its generality. In contrast, metric 
spaces of fuzzy sets are providing a convenient mathematical framework for diverse 
applications of fuzzy sets. 
1.2. Basic Definitions and Results 
In what follows, we collect relevant definitions, results and examples due to Zadeh 
[106], to make our presentation as self-contained as. possible. 
Definition 1,2.1. A fuzzy set 4^ in X is a function with domain X and values in [0,1]. 
Example 1.2.1. Define the mapping A from R to [0,1] by 
To if X < 1, 
A{x) = I l/30(x - 1) if 1 < .r < 30, 
[ 1 if 30 < X. 
Then J4 is a fuzzy set. 
Definition 1.2.2. [62] A fuzzy number is a convex, normahzed, fuzzy set yl C R 
whose membership function is atleast segmentally continuous and has the functional 
value /A(a;) = 1 at precisely one element. 
A fuzzy number is an extension of a regular number in the sense that it does not 
refer to one single value but rather to a connected set of possible values, where each 
possible value has its own weight between 0 and 1. This weight is called the membership 
function. A fuzzy number is thus a special case of a convex fuzzy set. Fuzzy numbers are 
an extension of real numbers. Calculations with fuzzy numbers allow the incorporation 
of uncertainty on parameters, properties, geometry, initial conditions etc. 
Remark 1.2.1. A fuzzy set is empty if and ordy if its membership function is identi-
cally zero on X. 
Definition 1.2.3. A fuzzy set that has nonzero membership value for only one element 
of the universe of discourse is called a singleton fuzzy set. 
Definition 1.2.4. A fuzzy set is said to be continuous if its membership function is 
continuous. 
Most fuzzy controllers and models nowadays use continuous fuzzy sets. 
Definition 1.2.5. For a fuzzy set A whose universe of discourse is X, all the elements 
in X that have nonzero membership values form the support of the fuzzy set, i.e, 
Support {A) = {xeX : fA{x) > 0}. 
Definition 1.2.6. The largest membership value of a fuzzy set is called the height of 
the fuzzy set. 
Definition 1.2.7. A fuzzy set is called normal if its height is 1. If the height of a 
fuzzy set is not 1, the fuzzy set is said to be subnormal. 
Definition 1.2.8. If the membership function of a fuzzy set reaches its maximum at 
only one element of the universe of discourse, the element is called the center of the 
fuzzy set. If the membership function of a fuzzy set achieves its maximum at more than 
one element of the universe of discourse and all the elements are bounded, the middle 
point of the element is the center. If the membership function of a fuzzy set attains 
its maximum at more than one element of the universe of discourse and not all of the 
elem.ents are bounded, the largest element is the center if it is bounded; otherwise the 
smallest element is the center. 
Definition 1.2.9. The a-cut set Aa of a fuzzy set A is made up of those members of 
the universe of discourse whose membership is not less than a. 
Aa, = {xeX : Uix) > a}. 
Note that a is arbitrary. This a-cut set is a crisp set. 
Definition 1.2.10. Two fuzzy sets A and B are equal, written as ^ = JB, if and only 
if JAIX) = fsix) for all x e X. (In the sequel, instead of writing /^(x) = fB{x) for all 
X e X,we shall write more simply fA = JB)-
Definition 1.2.11. The complement of a fuzzy set A is denoted by A' and is defined 
by fA' = l - IA-
Definition 1.2.12. A is contained in B (or, equivalently, yl is a subset of B, or A is 
smaller than or equal to B) if and only if fA< fs- In symbols AcB^ fA<fB-
Definition 1.2.13. The union of two fuzzy sets A and B with respective membership 
functions /^(x) and /fl{x) is a fuzzy set C, written as C = AUB, whose membership 
function is related to those of A and B by fc{x) — max[fA{X), / B ( X ) ] , for all x E X, 
or in abbreviated form fc = IA^ IB-
Definition 1.2.14. The intersection of two fuzzy sets A and B with respective mem-
bership functions //i(x) and fsi^) is a fuzzy set C, written as C = An B, whose 
membership function is related to those of A and B by Jc{^) — niin[/x(X),/s(X)], 
for all a; G X, or in abbreviated form fc = IA^ IB-
In addition to the operations of union and intersection, one can define a number of 
other ways of forming combinations of fuzzy sets and relating them to one another. 
Among the more important of these are the following: 
Definition 1.2.15, The algebraic product of yl and B is denoted by AB and is defined 
in terms of the membership functions of A and B by the relation JAB — IAIB- Clearly 
ABcA^B. 
Definition 1.2.16. The alg'^braic sum of A and B is denoted hy A + B and is defined 
by /A+B = JA + IB provided the sum /.4 + fs is less than or equal to unity. Thus, 
unlike the algebraic product, the algebraic sum is meaningful only when the condition 
/^(x) + /s(x) < 1 is satisfied for all x. 
Definition 1.2.17. The absolute difference of A and B is denoted by |^ - 5 | and is 
defined by f\A-B\ = I/A - / s | -
Note that in the case of ordinary sets |>1 — B| reduces to the relative complement of 
AnB in AUB. 
Definition 1.2.18. Assuming universal set X is defined in n-dimensional Euclidean 
vector space E". If all the a-cut sets are convex, the fuzzy set with these a-cut sets 
are convex. In other words, if a relation 
fA{t) > mm[fA{r)jA{s)] where 
t = Xr + {l- X)s r, s € R", A € [0,1] 
holds, the fuzzy set A is convex. 
There are two types of fuzzy operators in fuzzy sets: t-norms and t-conorms (see 
Hadzic and Pap [43]). They are often called as triangular-norm and triangular-conorm 
respectively. 
Definition 1.2.19. [90]A triangular norm (in short a t-novm) is a binary operation 
on the unit interval [0,1], i.e. a function *: [0,1]^ —^ [0,1] such that ^ x,y,z e [0,1], 
the following four axioms are satisfied: 
(i) * (x, y) = * {y, x) (Commutativity) 
(ii) * {x, * {y, z)) = *{* {x, y), z) (Associativity) 
(iii) * (x, y) < * (x, z) whenever y <z (Monotonicity) 
i.e. * is monotonic nondecreasing in the second argument, 
(iv) * (x, 1) = X (Boundary condition). 
The commutativity (i), the monotonicity (in), and the boundary condition (iv) imply 
that V t-norm * and V a; 6 [0,1]. The following boundary conditions are also satisfied: 
*(a:, 1) = *(l,x) = a; and * (2;,0) = *(0,a;) = 0 
and therefore all t-norms coincide on the boundary of the unit square [0,1] . 
The monotonicity of a t-norm * in its second component (iii), together with the com-
mutativity (i), is equivalent to the (joint) monotonicity in both components, i.e., to 
*{xi,yi) < *{x2,y2) whenever Xi < X2 and yi < y2- (1-2-1) 
Definition 1.2.20. [90] A binary operation 0 : [0,1] x [0,1] -^ [0,1] is a continuous 
t-conorm if it satisfies the following conditions: 
(i) <0 is associative and commutative, 
(ii) <0 is continuous, 
(in) aOO = a for all a e [0,1], 
(iv) a<)6 < c()d whenever a<c and 6 < d, for each a, b,c,d e [0,1]. 
Remark 1.2.2. The concept of triangular norms (t-norms) and triangular conorms 
(t-conorms) are known as the axiomatic skeletons that we use for characterizing fuzzy 
intersections and unions, respectively. These concepts were originally introduced by 
Menger [66] in his study of statistical metric spaces. 
Lemma 1.2.1. If * is a continuous f-norm, 0 is a continuous i-conorm and Vi € (0,1), 
1 < z < 7, then 
(1) If ri > r2, there are r^, r^ e (0,1) such that ri * rs > r2 and ri > r2<}u. 
(2) If rs G (0,1), there are re, rj G (0,1) such that re*rQ> r^ and rs > r7<}r7. 
Definition 1.2.21. If * is a t-norm, then its dual f-conorm (): [0,1]^ —> [0,1] is 
given by 
<}{x,y) = l-*{l-x,l-y). 
It is obvious that a ^conorm is a commutative, associative and monotone operation 
on [0,1] with unit element 0. In order to verify associative property, write 
0{x,0{y,z)) = l-*{l-x,l-0{y,z)) 
= l - * ( l - x , l - ( l - * ( l - y , l - 2 ) ) ) 
= l-*{l-x,*{l-y,l- z)) 
= l-*{*{l-x,l-y),l-z) 
= 0{0{x,y),z) 
<>(x,0(y,z)) =• OiO{x,y),z) 
which shows that -O" is associative. 
Example 1.2.2. The following are the four basic i-norms together with their dual 
t-conorms: 
(i) Minimum *M and maximum OM given by 
*M{x,tj) = mm{x,y) and <)M{x,y) = m&x{x,y). 
(ii) Product *p and probabilistic sum ^p given by 
*p{x,y) = xy and <)p{x,y) = x + y - xy. 
(iii) Lukasiewicz t-norm *i and Lukasiewicz f-conorm ()i given by 
*i,(x,y) = max(x + ?/-1,0) and <C>i(x,y) = min(x + y, l ) . 
(iv) Weakest t-norm (drastic product) *D and strongest i-conorm OD given by 
, . __ J min (a;,y), if max (x,y) = 1, 1 
*i?ia;,yj - I 0, otherwise, J 
, X _ f max (x,y), ifmin (x,y) = 0, 1 
^^^^'^^ 1 1, otherwise J" 
Example 1.2.3. (i) The family (*f )^ of Prank i-norms is given by 
{x,y) = 
*M{x,y) 
*p{x,y) 
*L{x,y) 
log, (i + (^rzMpi) 
The family {^x)^ ^,Q^I of Frank t-conorms is given by 
Of{x,y)=l 
<>M {x, y) if A = 0, 
<>p{x,y) ifA = l, 
<>L{x,y) if A = 00, 
(ii) The family K),,p,oo] 
*l{x,y) = 
log;^  I 1 H j ^ ^ j otherwise 
of Yager t-norms is given by 
:i.2.2) 
ODix,y) ifA = 0, 
<>M{x,y) i fA-:oo, 
min (l,[x^ +y^)^] otherwise, 
(iii) Another interesting t-norm is the nilpotent minimum *"-'^  given by 
;i.2.3) 
, nM ix,y) min (x, y) 0 
a X + y > 1, 
otherwise. 
If, for two t-norms *i and *2, the inequaUty *i (x, y) < *2 {x, y) holds V (x, y) e [0,1] , 
then we say *i is weaker than *2or, equivalently, that *2is stronger than *i. We shall 
write *i < *2 whenever *i < *2 and *i 7^  *2, i-^-^ if *i < *2, but *i(xo,2/o) < 
*2 (so,2/o) holds for some (xo,2/o) ^ [0,1]^. 
Remark 1.2.3. In respect of a f-norm *, an element x G [0,1] with *(x, x) = x 
is called an idempotent element of *. It is immediate that 0 and 1 are idempotent 
elements (which are termed as trivial idempotent elements) for every t-norm. 
Remark 1.2.4. The set of idempotent elements is equal to [0,1] in case of minimum 
*M,and {0} U (0.5,1] in case of the nilpotent minimum *"'^; all the other t-norms 
mentioned thus far have only trivial idempotents. 
Theorem 1.2.1. (i) The minimum *M is the only ^-norm satisfying *(x, x) = 
X e (0,1) {i.e., V X G [0,1] is an idempotent element). 
(ii) The weakest t-novxn. *£, is the only i-norm satisfying * (x, x) = 0 V x G (0,1 
X 
Proof. If for a f-norm * we assume * (x, x) = x, V x G (0,1), then for y < x < 
l,monotonicity (iii) implies 
y = *{y,y) < *(^,y) < min(x,y) = y. 
Together with (i) and the boundary conditions this gives exactly * — *M-
If we assume * (x, x) = 0, Vx G (0,1), then we obtain for each y € [0, x), 
0 <*{x,y) <* (x, x) = 0, 
yielding thereby * = *£). 
1.3. Probabilistic Metric Spaces 
Before defining the probabilistic metric space we gave the following definition for future 
use. 
Definition 1.3.1. [90] A metric space is an ordered pair {X, d), where X is an abstract 
set and d is a mapping oi X x X into R, satisfying the following axioms: 
ii}d{x,y)>0, 
(ii) d{x,y) = 0, iff x = y, 
(iii) d{x,y) = d{y,x), 
(iv) d{x, z) < d{x, y) + d{y, z), 
for all x,y,z £ X. 
Probabilistic metric spaces were introduced by Menger [66] who generalized the theory 
of metric spaces. In the Menger's theory the concept of distance is considered to be 
statistical or probabilistic, i.e, he proposed to associate a distribution function Fx^y, 
with every pair of elements x, y instead of associating a number, and for any positive 
number t, interpreted Fxy{t) as the probabihty that the distance from x to y be less 
than t. 
Definition 1.3.2. A distribution function F is a non-decreasing, left continuous map-
ping from a set of real numbers R to [0,1] so that mfF{t) = 0 and supF(i) = 1. 
In the sequel H will denote the distribution function given by 
^ ^  M if t > 0. 
We denote by D the set of all distribution functions, and by D+ the subset of D 
consisting of those distribution functions F such that F{0) = 0. 
Definition 1.3.3. [66] A probabilistic metric space is a pair {X,F) such that X is a 
nonempty set and F is a mapping from X x X into D~^, whose value F{x,y) denoted 
by Fxy, satisfies for all x,y,z e X, 
(i) Fxy(i) — 1 for alH > 0 if and only ii x = y, 
(iii) If F:,y{t) = 1 and Fy,{s) = 1, then F^^it + s) = 1. 
Condition (i) is equivalent to the statement x = y if and only if F^y = H. The condi-
tions (i)-(iii) are generalizations of the corresponding well-known conditions satisfied 
by a classical metric. 
Every metric space {X, d) may be regarded as a probabilistic metric space. One has 
only to set Fxy{t) = H[t - d{x,y)) for each x,y ^ X. 
In his original formulation Menger [66] instead of (iii) gave the following condition: 
(iii)' F^yit + s)> T{Fxy{t), Fy,{s)) for all x,yeX, t,s>0, 
where T is a mapping from the closed unit square [0,1] x [0,1] to the closed unit interval 
[0,1] satisfying the following conditions: 
{w)T{a,b) = Tib,a), 
(v) r (a , b) < T{c, d) whenever a<c and b < d, 
(vi) T{a, 1) > 0 whenever a > 0 and T(l, 1) = 1. 
One can easily show that (iii)' implies (iii). 
Definition 1.3.4. A Menger space is a triple {X,F,*) such that {X,F) is a proba-
bihstic metric space and * is a t-novm such that for all x,y,z e X and i,s > 0: 
{yu)F,,{t + s)>F,y{t)*Fy,{s). 
Definition 1.3.5. Let x be a point of the probabilistic metric space {X,F). The set 
of all points in X 
B{x,r,t) = {yGX:F,y{t)>l-r}. 
where r G (0,1), i > 0 is called a neighbourhood of x. 
According to this definition, a sequence {x„} in a probabilistic metric space is said 
to converge to a point x (denoted x„ -> x) if for every r G (0,1), ^ > 0 there exists 
no € N (no depends on r and t) such that x„ G B{x, r, t) whenever n > Uo. Notice that 
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Xn —^  X, if and only if, Fxxn ~^ H, i.e, for every t > 0, liraFxx„{t) = 1-
n 
If {X, F, *) is a Menger space and * is continuous then the family 
{B{x,r,t):r e {0,1), t>0} 
is a base for a topology TF on X, called topology induced by F, and this topology is 
Hausdorff. The family {B{x,r,t) : r e (0, l),t > 0} is a local base of each x G X in 
the topology Tp. 
The completion of a Probabilistic metric space was accomplished by Sherwood in [92] 
and was later generalized in [93] as follows: 
Definition 1.3.6. Let {X,F) be a probabilistic metric space. Then 
(i) A sequence of points {xn} in X is a Cauchy sequence if Fx^^x^ -^ H as n,m -> oo 
i.e, lim Fx^^xAt) = 1. for all t > 0. 
n,m 
(ii) The space {X, F) is complete if every Cauchy sequence in X is convergent. 
(iii) Let {X, F) and (Y, F') be two probabilistic metric spaces. A mapping (p : X ^Y 
is called an isometry if F{x, y) = F'{(p{x), ip{y)) for each x,y ^ X. 
(iv) The probabilistic metric spaces {X, F) and {Y, F') are called isometric if there is 
a one-to-one isometry from X onto Y. 
Definition 1.3.7. Let {X, F, *) be a Menger space, where * is continuous. The Menger 
space {X*,F*,ic) is a completion of {X,F,*), if {X,F) is isometric to a dense subset 
oi{X*,F*) and* = *. 
Theorem 1.3.1, Every Menger probabihstic metric space with a continuous t-norm 
has a completion which is unique upto isometry. 
Definition 1.3.8. Let {X,d) be a metric space. Then a function / : X -> R is said 
to be lower (upper) semicontinuous at Xo if 
lim inf f{x) > f{xo) (lim sup f{x) < f{xo)) as x -> Xg-
Definition 1.3.9. A topological vector space X is said to be Hausdorff or separated, 
if for any two distinct points x,y e X have a distinct neighbourhood without common 
points. 
Definition 1.3.10. A pseudo-quasi-metric (briefly, p.q. metric) on a nonempty set X 
is a non-negative real valued function d: X x X -^R such that, for all x,y,z £ X: 
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(i) d{x, x) = 0, and 
(ii) d{x,z) < d{x,y) + d{y,z) 
A pair {X, d) is called a pseudo-quasi-metric space, if d is a p.q. metric on X. In 
addition if d satisfies 
(iii) (i(x, y) — 0 only if x = y, 
then d is said to be a quasi metric. If d satisfies 
(iv) d(x, y) = d{y, x) 
with (i) and (ii) then d is a pseudo metric. Obviously, if (i), (ii), (iii) and (iv) are 
satisfied then it is a metric in the usual sense. 
1.4. Concept of a Fixed Point 
Fixed point theory is one of the most famous mathematical theories with applications 
in several branches of science, game theory, theory of differential, integral, and partial 
differential equations. 
Definition 1.4.1. Let X be a nonempty set. We consider a mapping f : X -^ X. An 
element x € X is said to be a fixed point (invariant point) of the rxiapping f \i fx = x. 
Example 1.4.1. If X = R and f{x) = x^-3,x-h4, then 2 is a fixed point of / , because 
/(2) = 2. 
By a fixed point theorem we shall understand a statement which asserts that under 
certain conditions (on the mapping / and on the space X) a mapping f of X admits 
one or more fixed points. 
Perhaps Brouwer [13] was the first mathematician to give the proof of a fixed point the-
orem which states that a continuous self-mapping of a closed unit ball in n-dimensional 
Euclidean space has at least one fixed point. 
Subsequently Schauder [89] extended Brouwer's theorem to the compact convex subsets 
of a normed linear space. This theorem was further extended to locally convex topo-
logical vector space by Tychonoff [99]. Later on, Banach [8] obtained the fixed point 
theorem for contraction mappings which is very famous because its proof is simple and 
does not require much topological background. 
Definition 1.4.2. Let {X,d) be a metric space. A self mapping / on X is called 
Lipschitzian with Lipschitz constant k if there exists a non-negative real number k 
such that for all x, y € X, 
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d{f{x),f{y))<kd{x,y). 
(i) / is contraction if 0 < A; < 1. 
(ii) / is nonexpansive if A; = 1. 
(iii) / is contractive if d{fx, fy) < d{x, y) for all x,y ^ X with x ^ y. 
(iv) / is isometry if d{fx, fy) = d{x,y), for all x,y ^ X. 
Theorem 1.4.1. [8] Let {X,d) be a complete metric space and / be a contraction of 
X into itself. Then / has a unique fixed point, x in X. 
Many generalizations of the contractive mapping theorem of Banach were obtained by 
Bryant [14], Rakotch [84], Kannan [56], Chatterjee [15], Ciric [19] and many others. 
The study of common fixed point of some contractive type mappings were situated in 
the center of vigorous research activities and a number of interesting results have been 
obtained by various authors. 
Definition 1.4.3. Let X be an arbitrary set and let T be a family of mappings 
T : X -^ X. A point x G X is called a common fixed point for the family if T{x) = x 
for all T G T. 
Jungck [51] was perhaps the first mathematician who generahzed Banach's fixed point 
theorem by proving a common fixed point theorem whose concrete statement is given 
below: 
Theorem 1.4.2. Let T be a continuous mapping of a complete metric space {X, d) into 
itself. Then T has a fixed point in X if there exists fee (0,1) and a mapping S : X -^ X 
which commutes with T and satisfies S{X) C T{X) and d{Sx,Sy) < kd{Tx,Ty), for 
all x,y ^ X. 
Sessa [91] generalized the result of Jungck [51] and introduced the notion of weak 
commutativity which is defined as follov/s: 
Definition 1.4.4. Two self maps A and 5 of a metric space {X.d) are said to be 
weakly commuting if for all x G X, 
d{ASx,SAx)<d{Ax,Sx). 
Obviously, a commuting pair is always weakly commuting but the converse is not 
generally true. 
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Example 1.4.2. Consider the set X — [0,1] with the usual metric. Let Ix = x/2 
and Sx = x/(2 + x) for every x E X. Then for ail x e X, ISx = -^^, Six - •^\ 
obviously S and / are not commuting. Further 
d{ISx,SIx) = \4+2x 4+11 (4+x)(4+2i) 
- 4+2^ ~ 2 ~ 2+J ~ d{Sx, Ix). 
So S and / are weakly commuting. 
Further, Jungck [52] introduced more generalized commutativity called compatibility. 
Definition 1.4.5. Two self maps A and 5 of a metric space {X, d) are called compatible 
if, 
lim d{ASxn,SAxn) = 0 
n—>oo 
whenever {x„} is a sequence in X such that lim Axn = Um Sxn = z, for some 
n—>oo n—>oo 
zeX. 
Note that weakly commuting mappings are compatible, but the converse need not be 
true as shown in the following example. 
Example 1.4.3. Consider the set X = R with the usual metric. Let Ix = x^ and 
Sx = 2 — x for every x £ X. Then \I{xn)-S{xn)\ = |.x„ —l||x^ + a;„ + 2| -> 0 iff x„ -^ 1 
and |/S'(x„) - SI{xn)\ = 6|x„ — Ip -^ 0 if x„ —>  1. Thus S and I are compatible but 
are not weakly commuting pair. 
Jungck and Rhoades [53] introduced the notion of weakly compatible maps as follows: 
Definition 1.4.6. Two self maps A and 5 of a metric space {X,d) are said to be 
weakly compatible if they commute at their coincidence points, that is, if Au = Su for 
some u e X, then ASu = SAu. 
It is obvious that compatible maps are weakly compatible but the converse is not true. 
Pant [75] introduced the following definitions. 
Definition 1.4.7. Two self mappings A and 5 of a metric space {X,d) are called 
H-weakly commuting at a point x G X if for some R> Q, 
d{ASx,SAx)<Rd{Ax,Sx). 
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Definition 1.4.8. Two self mappings A and 5 of a metric space {X,d) are called 
pointwise R-weakly commuting on X if for given x E: X there exists R> 0 such that 
d{ASx,SAx)<Rd{Ax,Sx). 
Note that A and 5* can fail to be pointwise i?-weakly commuting only if there is some 
X £ X such that Ax = Sx but ASx ^ SAx^ that is only if they posses a coincidence 
point at which they do not commute. 
Compatibility is useful mainly in the study of common fixed points of contractive 
type mapping pairs and often requires the assumption of continuity and completeness. 
However, the study of common fixed points of non-compatible mapping is also equally 
interesting which extends to the class of Lipschitz type mappings pairs even without 
^issuming continuity and completeness. 
Definition 1.4.9. Two self maps A and 5 of a metric space (X, d) are called non-
compatible if for some 2 e X, 
lim Axn = lim Sxn — 2, 
n—»oo n—>oo 
but either lim d{ASxn^ SAx^) 7^  0 or the Hmit does not exist. 
Aamri and Moutwakil [1] established some common fixed point theorems under strict 
contractive conditions on a metric space for mapping satisfying property (E'.yl.) defined 
as follows: 
Definition 1.4.10. Two self mappings A and 5 of a metric space (X, d) satisfy 
property (£ .^^ 4.) if there exists a sequence {a;„} such that for some z € X, 
lim Axn = lim Sxn = z. 
n—>oo n—>-oo 
Definition 1.4.11. A sequence {xn} in a metric space {X, d) is said to be contractive 
if there exists k G (0,1) such that d{xn+i,Xn+2) < kd{xn,Xn+i), for all n EN. 
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CHAPTER II 
METRIC SPACES IN FUZZY SET THEORY 
2.1. Introduction 
As mentioned in Chapter 1, Zadeh [107] introduced the concept of fuzzy sets as a new 
vi^ ay to represent vagueness in our everyday Hfe. Since then, many authors regarding 
the theory of fuzzy sets and its apphcations have developed a lot of hteratures. Fuzzy 
metric spaces and existence of fixed points in fuzzy metric spaces have been emerged 
as one of the major area of research activities. 
A metric space is a set X with a distance function (the metric d) that is, for any 
two points x,y in X gives the distance between them as a non-negative real number 
d{x,y). There exist many practical situations wherein the distance between two points 
is inexact rather than a single real number, motivated with this fact Menger [66] 
introduced the concept of probabilistic metric spaces. But when the uncertainty is 
due to fuzziness rather than randomness (as sometimes in the measurement of an 
ordinary length), then in this situation the concept of fuzzy metric spaces is relatively 
more suitable. Inspired from these observations Kramosil and Michalek [60], Erceg 
[28], Deng [21] and Kaleva and Seikkala [55] introduced the concept of fuzzy metric 
spaces in different ways. 
In 1994, George and Veeramani [35] modified the definition of fuzzy metric space given 
by Kramosil and Michalek [60] and proved fuzzy analogue of some important results 
in metric space theory. The notions of F-Cauchy sequence, F-bounded set, F-uniform 
convergence, F-uniform continuity and F-equicontinuity were also introduced by George 
and Veeramani ([35, 37]). Gregori and Romaguera [39] derived some results in this 
direction. 
Xia and Guo [105] also redefined the fuzzy metric spaces by using fuzzy scalars instead 
of fuzzy numbers or real numbers along with some results on completeness of fuzzy 
metric spaces and induced fuzzy topology. Most recently, H. Efe [25] extended the 
concept of round metric spaces given by Nathanson [73] to the fuzzy framework. 
In what follows, we discuss several definitions of fuzzy metric spaces coined by various 
authors and also discuss selected core results which could find space in our presentation. 
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2.2. KM-Fuzzy Metric Spaces 
In 1975, Kramosil and Michalek [60] first introduced the concept of fuzzy metric space 
by generalizing the concept of probabihstic metric space given by Menger [66] to the 
fuzzy framework. This definition runs as follows: 
Definition 2.2.1. A 3-tuple {X, M, *) is called a fuzzy metric space if X is an arbitrary 
set, * is a continuous t-norm and M is a fuzzy set on X^ x [0, oo) satisfying the following 
conditions: 
(i)M(x,y,0) = 0, 
(ii) M{x, y,t) = 1 for alH > 0 if and only iix = y, 
{iii) M{x,y,t) = M{y,x,t), 
(iv) M{x, y, t) * M{y, z, s) < M{x, z, t + s), 
(v) M{x,y,.) : [0,oo) -> [0,1] is left continuous for all x,y,z e X and all s,i > 0. 
Any fuzzy metric M defined on X is equivalent to a Menger space in the sense that 
for all x,y e X, t e R, M{x,y,t) = Fxy{t). Then, by the last formula, since * is 
continuous, we can deduce from M a topology TM in an analogous way to that in 
Menger space. Moreover, if we translate the above concepts and results relative to 
completion in Menger spaces we obtain imitating the Sherwood's proof [92] that every 
KM-fuzzy metric space has a completion which is unique upto an isometry. 
Example 2.2.1. Let X = R with usual metric defined by d{x,y) = \x — y\ for all 
x,y e X and let * be the usual multipHcation. Define 
M{x,y,t) = <^-^\^-y^ ^^ 
I 0 if X = y and t — O. 
Then {X, M, *) is a fuzzy metric space. 
In 1989, M. Grabiec [38] defined Cauchy sequence in KM-fuzzy metric spaces in the 
following way: 
Definition 2.2.2. Let {X, M, *) be a fuzzy metric space. A sequence {xn} in X is said 
to be convergent to a point x 6 X, (denoted by lim Xn = x), if Hm M(x„ x t) ^ 1 
for each t > 0. 
Definition 2.2.3. Let (X,M,*) be a fuzzy metric space. A sequence {x„} in X is 
called a Cauchy sequence if £rn M(x„^„ x„, ^ = 1 for each t > 0 md p > 0. This 
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type of Cauchy sequence is called G-Cauchy sequence. 
Definition 2.2.4. A fuzzy metric space {X, M, *) in which every G -^Cauchy sequence 
is convergent is said to be G-complete. 
Definition 2.2,5. A fuzzy metric space {X, M, *) in which every sequence contains a 
convergent subsequence is said to be compact. 
Definition 2.2.6. A function M is continuous in fuzzy metric space (X, M, *) iff 
whenever x„ -^ x, yn -> y, then lim M{xn, yn, t) = M(x, y, t) for each t>0. 
n—>oo 
R.eniark 2.2.1. Since * is continuous, it follows from (iv) (Definition 2.2.1) that the 
limit of the sequence in fuzzy metric space {X, M, *) is uniquely determined. 
BLemark 2.2.2. [35] PI{x,y,t) can be thought of as the degree of nearness between 
X and y with respect to t. We identify x = y with M{x, y,t) = 1 for alH > 0 and 
M{x,y,t) = 0 with oo. 
2.3. E-Fuzzy Metric Spaces 
In 1979, M. A. Erceg [28] defined a uniformity for a metric space on a fuzzy set, 
using the definition of uniformity given by Hutton [46] and obtained results on the 
generation of topologies on fuzzy sets by p.q. metrics. Erceg also defined conjugate 
pseudo-metrics and gave a pseudo-metric for the fuzzy unit interval. In this section, 
we give the relevant definitions and results due to Erceg [28]. 
In the usual set theory, by a set X we mean the quadruple (P(X),n, U, ') where 
P{X) is the power set of X and the operations are those of intersection, union and 
complementation. This is lattice isomorphic to (2'^,A, V, ') where the operations 
A, V, 'a re defined as follows: 
(Aj Xi){x) = AjAi(x) for X G X 
(Vi Xi){x) = ViAi(x) for x G X 
X'{x) = X{x)' fovxeX. 
The lattice isomorphism is the one which associates a set with its characteristic func-
tion. The theory of fuzzy sets consider lattices more general than {0,1}, which is a 
lattice with complement under usual operations. 
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Throughout this section (L, A, V, ') wiU be a completely distributive lattice with order 
reversing involution ' (see Birkhoff [10]) and it will be caUed a fuzz. We make L^ into 
a fuzz by giving it the product operations, also denoted by A, V, ' of (L, A, V, ' ) . For 
example, if Ai, A2 G L^ then 
(Ai A A2) (x) = Ai(a;) A Mix) for x^X. 
( L ^ , A, V, ') will be called the fuzz X or the fuzzy set X. If A G L^, then \{x) may 
be regarded as the degree of membership of x in A. 
Since (L, A, V, ') is a complete lattice, it has least and greatest elements, say 0 and 
1 respectively. If 0 e L^ denotes the map which is everywhere 0 and if \ is similarly 
defined, then these are the least and greatest element of (L^, A, V, ' ) . 
Definition 2.3.1, A fuzzy topology for X, or a topology for the fuzz X, is a pair 
( L ^ , r ) where r C L^ and 
( i ) 0 , l e r . 
(ii) r is closed under arbitrary supremum. 
(iii) r is closed under finite infimum. 
The pair {^L^,T) will be called a fuzzy topological space. We define open and closed 
sets and interior and closure operators in the usual way. For example, if A G L^ then 
interior A is, 
A° = V{//GT : / / < A } . 
Definition 2.3.2. A p.q. metric on the fuzz X, or a fuzzy p.q. metric on X, is a map 
p : L^ X L^ ^ [0,00] satisfying 
(i) p(o, A) = 00 for ah A G L^, A / 0, 
p(A,A) = 0 for all A G L ^ , 
p(A,0) = 0 for all A G L ^ . 
(n) p{X, fx) < p{X, x) + p{x, M) for all A, /i, x G L^. 
(iii) (1) A < // =» p{X,x) > P{l^,x) for aU x G L^, 
(2) p{x, V Aa) = V Pix, K) for all x, K G L^-
a a 
(iv) Suppose iJ,,Xa G L-^, a G A. 
lipiXa, P) <r ^ p < fifor p e L^, a G A, then p{\/ Xa, 7) < ^ ^ 7 < A* for 7 G L^. 
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Remark 2.3.1. Kramosil and Michalek [60] have defined a fuzzy metric which is not 
related to the above. They consider a metric as a subset of X x X x [0, oo) and in 
making this into a fuzzy set they obtain their fuzzy metric. 
Consider a p.q. metric space {X,py Let dhe & function which assigns to each ordered 
pair {A, B) G P{X) x P{X) a value in [0, oo]. We would hke d to give exactly the same 
information about the p.q. metric topology of p as does p itself. 
For all real r > 0 and for all A G P(X), we define Dl{A) by 
I)P(^) = [y : 3ae A such that p{a, y) < r} 
= (y : A P(a,?/) <r-}. 
Then {D'!^{A) : r > 0} is a basis for the neighbourhood system of A. It is clear that 
p{x, y) ~ A{r : y G D^{{x})). Since it is desirable that d and p agree on ordered pairs 
of singletons, v;^ e make the following definition: 
d{A,B) = ^{r : BcD^iA)]. 
Then li A,B & P{X) \ {0}, we have, 
d{A,B) ^ l\{r : Bc{y • /\ p{a,y)<r}} 
= f\{r : ybeB, A p{a,b)<r} 
aeA 
=^Mr : V Ap{a,b)<r}<diA,B)<f\{r : V ,\p{a,b)<r}. 
b£B a£A b£B aeA 
Thus d{A, 5) = V A P(^) ^)- This function is called a Hausdorff p.q. metric. 
bGBaeA 
Theorem 2.3.1. If d{A, B) = V A Pia, b) for A, Be P{X) \ {0} and if we define 
rGBaeA 
d(A0) = O (orAeP{X) 
di0,A) = oo for yl e F(X) \ {0}, 
then the following statements are valid: 
(Ml) d{0,A) = oo for a lM € P(X) \ {0} 
d{A, A) = 0 for all A e P{X) 
c/(A0) = O hiA\\AeP[X). 
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(M2) d{A, C) < d{A, B) - d{B, C) for all A,B,C ^ P{X). 
(M3) {i)A(lB^ d{A, C) > d{B, C) for all C e P(X) 
(ii) d{A, U B,,) = V d{A, B^) for all 5^ G P{X). 
a a 
(M4) Suppose B, Ca € P{X) for all a in some index set A. 
If d{Ca, D)<r^ DcBiov De P{X), a e A then d{[j Ca,E)<r^EcB for 
aeA 
E € PiX). 
Remark 2.3.2. 
(1) From (Ml) and (M2), it is clear that d is a p.q. metric on P{X). 
(2) In view of (M3), d is contravariant in its first variable and covariant in second. 
(3) (M4) is equivalent to: DP{[jCa) Q [JDP{CC,). 
(4) (M3) (i) may be written in the form of (M3) (ii) as: d{[jBa,A) < /\d{Ba,A). 
a a 
The reverse inequality is not true in general. 
Theorem 2.3.2. If d : P{X) x P{X) -^ [0, oo], then 
(i) d{A,B) = V A d{{o]A^]) y A,B e P{X) ^ d satisfies (M3) and (M4). In 
b&Ba&A 
which case, 
(ii) if p{x,y) = d{{x}, {y}) M x,y £ X then p is a p.q. metric on X <^ d satisfies (Ml) 
and (M2). 
Corollary 2.3.1. A map d : P{X) x P{X) -> [0, oo] is a Hausdorff p.q. metric iff d 
satisfies (M1)-(M4). 
We now consider a topology for such maps. If d is a map satisfying (M1)-(M4) then 
{D^(A) : r G (0, oo), A e P{X)] is a base for a topology on X. 
As observed in Theorem 2.3.2, restricting d to ordered pairs of singletons gives a p.q. 
metric, p say. 
Corollary 2.3.2. A topological space is p.q. metrizable iff its topology is that associ-
ated with a map satisfying (M1)-(M4). 
Remark 2.3.3. A map satisfying (M1)-(M4) is an alternative definition of a p.q. 
metric. It is topologically equivalent to the usual definition in the sense of Corollary 
2.3.2. 
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Definition 2.3.3. [28] For all r e (0, oo), let Dr : L^ ^ L^ be a mapping defined by 
Dr{X) = V{fx : p (A, / i )<r} . 
Then {Dr : r > 0} will be called the associated neighbourhood maps of p. 
Theorem 2.3.3. [28] The following statements are valid for all r E (0, oo). 
(Al) Dr{0) = 0. 
{A2) A < Dr{X). 
{A3) Dr{\/Xa) = \/DriXa). 
a a 
Hutton [47] proved the following result: 
Theorem 2.3.4. If / : L^ ^ L^ satisfies (^l)-(^3) then so does f-\ Further if / 
and g satisfy {Al)-{A3) then, 
f{X)<fi^f-\f,')<X' 
if-')-' = f 
f<g^r'< g-' 
{fog)-' = g-'or\ 
Unless otherwise mentioned, if / satisfies (^1)-(A3), f~^ will be used to denote the 
inverse as defined above, rather than the usual function inverse. 
The following theorem indicates the importance of the neighbourhood maps. 
Theorem 2.3.5. [28] If p is a fuzzy p.q. metric on X with associated neighbourhood 
maps {Dr : r > 0} then for all A,// G L^, 
p{X,fi) = A{r : fi<Dr{X)}. 
Theorem 2.3.6. If p is a fuzzy p.q. metric on X with associated neighbourhood maps 
{Dr : r > 0}, then DroDg < Dr+s for all r, s > 0. 
Now, we give a partial converse to Theorem 2.3.6 (due to Erceg [28]) as: 
Theorem 2.3.7. li D = {Dr : r e (0,oo)} is a family of maps, Dr : L^ ^ L^, 
satisfying {Al)-{A3) such that for ah r,s e (0,oo), DroDg < Dr+s, then p : L^ x 
L^ -^ [0, oo] defined by 
p(A,/x) = A{r : ^ < D.(A)} 
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is a fuzzy p.q. metric on X. Further its associated neighbourhood maps, Er, say, are 
given hy Er= \J D„ (i.e., Er{\) = V D,{X) for A e L^). 
Theorem 2.3.8. If p is a fuzzy p.q. metric on X with associated neighbourhood maps 
Dr, then {Dr{X) : A G L^, r G (0, oo)} is a base for a topology on the fuzz X. 
It will be called the topology of the fuzzy p.q. metric p. 
Remark 2.3.4. Since A < Dr{\) for r G (0, oo), Dr{X) is indeed a neighbourhood of 
A € L ^ . 
Theorem 2.3.9. In the topology of fuzzy p.q. metric p with neighbourhood maps D^, 
A" = V{x : Drix) < A for some r > 0}. 
Lemma 2.3.1. If (L^'.r) is a fuzzy topological space, then A = [Int (A')]' where 
Int (x) = X"-
Theorem 2.3.10. In the fuzzy p.q. metric space {L^,p,Dr), A = A Dr~\X), where 
r>0 
Dr'^ is the inverse in Theorem 2.3.4. 
Definition 2.3.4. [28] A fuzzy pseudo metric (p. metric) on X, or p. metric on the 
fuzz X, is a fuzzy p.q. metric d, with neighbourhood maps Dr, satisfying 
(A4) Dr = Dr-^ for all r G (0, oo). 
Remark 2.3.5. This is equivalent to the usual definition when L — 2. Indeed if e 
is a p.q. metric on X in the usual sense with neighbourhood maps Dr, i.e., Dr{A) = 
{y : /\ e{a,y) < r}, then it is enough to prove that 
aeA 
e{x,y) — e{y,x) for all x,y e X -^ Dr = Dr~^ for all r G (0,oo). 
Theorem 2.3.11. In a p. metric space (^L^,d,Dr), 
A = ADr{\) = V{/i: d(A,/x) = 0}, r > 0. 
Definition 2.3.5. [47] A fuzzy topological space is said to be RQ iff every open set is 
a supremum of closed sets. 
Corollary 2.3.3. [28] Every fuzzy p. metric space is RQ. 
Corollary 2.3.4. Dr{X) < V{A* • d{X, JJ) < r} in a fuzzy p. metric space [L^, d, Dr). 
Hence 
Dri'X) < Ds[X) for all s > r. 
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The reverse inequality need not hold even in the usual set theory. 
Definition 2.3.6. [28] A fuzzy topological space (^L^,T) is normal if and only if 
V A, /i € L^ such that A', /i 6 r 3 x G -^^ satisfying A < x" < X < M-
Theorem 2.3.12. Every fuzzy p. metric space (^L^,d,Dr) is normal. 
Definition 2.3.7. [28] Let ip be the set of all maps E : L^ -^ L^ satisfying (^1)-
(A3). A uniformity on the fuzz X is a set D C (^  satisfying 
(Ql) © ^ 0 ; 
(Q2) D G D => D-i e D; 
(Q3) D,EeB=^ DAEEB-
{Q4) D e D = ^ 3 £; e D such that £^o£; < i:*; 
(QS) D e D , D<Ee^^Ee'B. 
D is a quasi-uniformity if (Ql),(Q3),(Q4) and (Q5) are true. The usual definitions of 
basis and subbass will hold. 
The fuzzy topology generated by a quasi-uniformity D is the fuzzy topology obtained 
by taking as interior operator the map Int : L^ -^ L^ defined by 
Int (A) = V{/x e L^ : D{fi) < A for some D e D}. 
Theorem 2.3.13. U{L^,p,Dr) is a p.q. metric space then D — {Dr : r G (0, oo)} 
is a basis for a quasi-uniformity on the fuzz X. Further, the fuzzy topology of the 
quasi-uniformity is that of the fuzzy p.q. metric space. 
Lemma 2.3.2. Let U = {Un : n e M} C (^  be a sequence of maps in (f satisfying 
f/o(A) = 1 i fA^O, 
- 0 ifA = 0, 
and Un+ioUn+ioUn+i < Un for all n G N. 
Then there is a set D C <^ , D = (D^ : r € (0, oo)}, satisfying 
DroDs < Dr+s for all r,s e (0, oo) 
and Un< y Ds< Un-i for all n>l. 
s<2-" 
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Theorem 2.3.14. If U is the sequence of maps in Lemma 2.3.2, then there exists a 
fuzzy p.q. metric p on X with associated neighborhood maps Er, satisfying 
Un+l < E2-n <Un-l V n > 1. 
Theorem 2.3.15. [28] A quasi-uniform space on the fuzz X, ( L ^ , D ) , is fuzzy p.q. 
metrizable if and only if B has a countable base. 
Remark 2.3.6. When L = 2, i.e. in the usual set theory, one get the well known 
result: A quasi-uniform space is p.q. metrizable if and only if the quasi-uniformity has 
a countable base. In view of Theorem 2.3.15, one get for the case L = 2 : A topological 
space is p.q. metrizable if and only if it is fuzzy p.q. metrizable. 
Definition 2.3.8. [28] Let (L^,p, Dr) be a fuzzy p.q. metric space and let (1/^,0) 
be a fuzzy quasi-uniform space. Then p is quasi-uniformly lower semi continuous on 
(L^, U) if and only if {D, : r G (0, oo)} c U. 
Remark 2.3.7. We know this is equivalent to the usual definition when L = 2 (see 
for example Kelley [57]). 
Definition 2.3.9. [28] If P = (pajaeA is a set of fuzzy p.q. metrics on the fuzz 
X, then P is said to generate the quasi-uniformity U whose sub-base is the set of 
neighborhood maps of each p^. P is called the gage of (^L^,\}). 
Theorem 2.3.16. Let ( L ^ , U ) be a quasi-uniform space and let P be the set of all 
fuzzy p.q. metrics which are quasi-uniformly lower semi continuous on l^L^^ViV Then 
P generates U. 
Theorem 2.3.17. If D = {D^ : r G (0,oo)} is a family of maps Dr : L^ ^ L^ 
satisfying (Al)-(A4) such that for all r,s e (0,oo), DroDg < Dr+s, then d : L^ x 
L^ -)• [0, oo] defined by d{X, y) = /\{r : ji < Dr{X)} \s o. fuzzy pseudo-metric on X, 
with neighborhood maps Er = \J Ds-
s<r 
Theorem 2.3.18. Let (1-^,^,1)^) be a fuzzy p.q. metricspace. Define^ ; L^xL^ ^ 
[0,oo] by q{X,fj,) = /\{r : /i < Dr'\X)}. Then ^ is a fuzzy p.q. metric on X with 
associated neighborhood maps {Dr~^ : r £ (0, oo)}. 
Definition 2.3.10. [28] The fuzzy p.q. metric q is said to be the conjugate of p. 
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Theorem 2.3.19. In the fuzzy p.q. metric space (L^,p, D^) 
A-V{/ i : g(A,/x) = 0}. 
Theorem 2.3.20. If {L^,p,Dr) and {L^,q,Dr~^) are conjugate fuzzy p.q. metrics, 
then (L^,d,Er) is a fuzzy pseudo-metric where Er ^ \J {Ds A Ds~^) and d[\,y) = 
s<r 
A{r:^i<{DrADr-^){X)}. 
Remark 2.3.8. When L = 2, the fuzzy pseudo metric d satisfies 
d{{x}, {y}) = Pi{x}, {y}) V q{{x}, {y}) yx,yeX. 
Indeed, since {Dr A Dr~^){A) = Dr{A) A Dr~^{A) when L = 2, one get 
d{{x}Ay}) = A{r : y G D,({x}) n Dr ' ({x})} 
= A{r : pdx} , {y}) < r and ^({a;}, {y}) < r} 
= P(W,M)Vg({x},M). 
Definition 2.3.11. [28] A fuzzy pseudo-metric {L^,p,Dr) is a fuzzy metric if it 
satisfies 
(^5) ( / \ Dr){X) = A for all X E L^, where f\ Dr : L^ ^ L^ is the largest map 
r>0 r>0 
satisfying (^^-(Ag) and (A Dr){X) < Ds{X) for all s e (0, oo). 
Remark 2.3.9. (1) When L = 2, this is equivalent to ^ = [j {x}y Ac X,ov {x} = {x}y x e X, 
xeA 
which is the usual condition for a pseudo metric d, to be a metric since 
{x} = {y : d(x,y) = 0}. 
(2) (A5) is equivalent to: the identity on L^ is the largest map / satisfying {Al)-{A3) 
such that A < /(A) < A V A e L^. 
Definition 2.3.12. [47] A fuzzy topological space is TQ, if every fuzzy set A € L^ may 
be written as the union and intersection of closed and open sets. That is, A = /\ V jiij 
where //jj is either open or closed, for aU i,j. 
Theorem 2.3.21. [28] Every fuzzy metric space is TQ. 
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Definition 2.3.13. [28] A fuzzy point in the fuzz X is a fuzzy set u e L^ such that 
there exist yo ^ L, XQ e X satisfying 
u{x) = ?/o if a; = XQ, 
= 0 if a; 7^  XQ. 
If ii is a fuzzy point, we shall write u = {xQ,yo). If A 6 L^, then X = \/ X^ where 
Xx = {x,X{x))-
A naive generalization of a p.q. metric is as follows, where P denotes the fuzzy points 
of the fuzz X. 
Definition 2.3.14. [28] A naive p.q. metric on the fuzz X is a mapp : PxP-^[0,oo] 
satisfying 
(Ml)* p{u,u) ^ O V M G P . 
(M2)* p{u,w) < p{u,v) + p{v, w)y u,v,w e P. 
We may extend p to L^ x L^ by defining 
P(0,A) = O O V A G L ^ , A ^ O , 
P(A,0) = O V A G L ^ , 
and p(A,/^)- V hp{K,fJ'y)y X, ^eL^, Xy^O, ii^O. 
y£X x€X 
2.4. Fuzzy Pseudo-lMetric Spaces 
In 1982, Zike Deng [21], introduced fuzzy pseudo-metric spaces, with the metric defined 
between two fuzzy points. In this section we give the relevant definitions and results 
due to Deng [21]. 
Let X be the reference set, / = [0,1] and I^ be the power set. The partial order in 
/ ^ is defined as follows: /j, y u where fi,i^ e I-^ ^ fi{x) > u{x) for all x e X. Then 
{I^,)-) is a complete lattice. The suprema, infinima are denoted by V, A respectively. 
Definition 2.4.1. 
(i) // is a fuzzy set m X <!F> jj, e I^. 
(ii) // includes u <^ fty u. 
(iii) // is the union of {jip} ^ ii = V//^. 
(iv) (J, is the intersection of {//^ } <^ /i = A/i/3. 
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(v) iJp{x) = I — fj,{x) is the complementary set of fi. 
(iv) i(a;) = 1, 0(.x) = 0 for all x e X. 
Convention. V0 ^/j = 0 and Ag, JJ.^ = 1, where 0 is an empty index set. 
Definition 2.4.2. Let / : X -> 7, /i G /'^', i/' G /^ . Define 
f sup (Mx)} f{y)^^ 
[ 0 /-Hy)-0-
The supremum of empty set of real numbers is zero by convention. 
f~\u'){x) = u'ifix)) for all xeX. 
/(/i) is called the image of ^ under / and /"^(i^') is the inverse image of u' under / . 
Definition 2.4.3. Let T C I^ and satisfy the following conditions: 
( i ) 0 , l € r . 
(ii) /x, z>'GT=>/iAz^er. 
(iii) fip er => \/(Xp e T. 
Then r is called a fuzzy topology and (X, r), a fuzzy topological space. 
Definition 2.4.4. 
(i) r ' C r is called a base <^ for all /x € r there exists vp e r ' such that pi = V/i/3. 
(ii) ^ is called a fuzzy closed set ^ ^jp ^r. 
(iii) /i is called the closure of /i <^ /Z = AQI^, where ^ = {u w^ ^T and i' >- / /} . 
(iv) //° is called the interior oi fi<^ (1° = VQ'U, where Q' = {u : v ET and z/ -< / /} . 
(v) A fuzzy topological space {X, r) is called normal ^ /^i, //2 G T" (A*I ^ A*2) there exists 
z/ {pLi •< u" ^ u ^ ^ 2 ) -
(iv) Let U' C Ug, U' is called a base <^ for all /x € U, there exists z/ € U' such that 
Definition 2.4.5. A fuzzy set (/ € / ^ such that a e (0,1) and 
, ,, f a if x' = X 
q{x) = < 
^ ' [0 iix'^x, 
is called a fuzzy point on X. 
Definition 2.4.6. q is called a fuzzy point in X, x its support and a its value, q may 
be denoted by q^, ql'"' is called the complementary point of q^. 
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Definition 2.4.7. q^° is said to belong to u (written g°° e u) <^ J^{XQ) > cto-
Definition 2.4.8. /i is called a neighborhood of p if there exists v E r such that 
p E p -< 11. Let Np denote the system of all neighborhoods of p. 
fYom now on fuzzy points q", g"^ , i = 0,1, 2,..., q^,, will be denoted by g, qi, q', respec-
tively. 
Definition 2.4.9. Let d : {q} x {q} —)• [0,+oo), satisfying the conditions: 
( i ) ^ ( C ' C ) = 0 . w h e r e a < a o . 
{[i)d{qi,q2) = d{q^,qf). 
(iii) d{qi,q3) < (i(gi,g2) + % 2 , ^a)-
(iv) d{qi,q2) < r, where r > 0 ^ 3 a' > ai {d{q^[,q2) < r). 
Then d{qi,q2) is called fuzzy pseudo-metric and {X,d) fuzzy pseudo-metric space. 
Moreover, if d satisfies the condition that d{qi,q2) = 0 =4> Xi = 2:2 and Ui < Q!2, {X, d) 
is called fuzzy metric space and d fuzzy metric. 
Example 2.4.1. Let X be any reference set, d is defined as c?(gi, 52) = max{Q;i -02,0}. 
Then c? is a fuzzy pseudo-metric and {X, d) is fuzzy pseudo-metric space. 
Example 2.4.2. Let X = (—00, -|-oo), d(gi, 52) — max {ai — 0:2,0} + |xi - X2I. Then 
[X, d) is a fuzzy metric space. 
Theorem 2.4.1. If condition (ii) (Definition 2.4.9) is replaced by d{qi,q2) = d{q2,qi), 
then {X, d) is also a fuzzy pseudo-metric space. 
Theorem 2.4.2. d{q^^,q2) < d{qi,q2), where a < ai. 
Theorem 2.4.3. d{qi,q2) <r^ 3 a' < a2 {d{qi,q^l) < r). 
Theorem 2.4.4. d{qi,q^^) < d{qi,q2), where a > a2. 
In 1992, N. H. Hsu [45] introduced the following definition of fuzzy metric spaces and 
treated the existence of a completion of fuzzy metric spaces. 
Let p be the set of all fuzzy points in X. The fuzzy metric space is defined as follows: 
Definition 2.4.10. If a map d : p x p -> [0,oo] satisfying 
(i) d{qi, 52) = 0 <^ xi = X2 and cti < a2, 
{n)d{qi,q2) = d{q2,qi), 
(iii) d{qi, gg) < d{qi, q2) + d{q2, ga), 
(iv) d{qi, g2) — r where r > 0 ^ there exist a' > ai such that d{q^^, g2) < r, 
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then d is called a fuzzy metric and {X, d) is called a fuzzy metric space. 
Definition 2.4.11, A sequence {g„} of fuzzy points converges to q if and only if for 
each ji ^ Nq, there exist positive integer A'^  such that n > N imphes qn ^ IJi (written 
qn -^ q)-
Definition 2.4.12. A sequence {qn} is called a Cauchy sequence if lim d{qn,qm) = 
0. 
Definition 2.4.13. A fuzzy metric space {X,d) is said to be complete if and only if 
every Cauchy sequence in (A", d) converges. 
Definition 2.4.14. Two fuzzy metric spaces {X, d) and {X\ d') are isometric if there 
exists a one-to-one mapping $ from {X,d) onto {X',d') such that for every qi,q2 in 
{X, d) imphes d(gi, 52) — di^{qi), ^(92))- The mapping $ is called an isometry. 
Definition 2.4.15. A complete fuzzy metric space {X*,d*) is a completion of {X,d) 
if {X, d) is isometric to a dense fuzzy subset of (X*, d*). 
Theorem 2.4.5. The fuzzy metric space {X,d) (Definition 2.4.10) has a completion. 
2.5. KS-Fuzzy Metric Spaces 
In 1984, Kaleva and Seikkala [55] introduced the concept of a fuzzy metric space by 
setting the distance between two points to be a non-negative fuzzy number and inves-
tigated some connections between fuzzy metric spaces and probabihstic metric spaces. 
By defining an ordering and an addition in the set of fuzzy numbers they obtain a 
triangle inequality which is analogous to the ordinary triangle inequality. 
We denote the set of all upper semi-continuous, normal, convex fuzzy numbers by E 
and the set of non-negative fuzzy numbers in £^  by G, respectively. 
The additive and multiphcative identities of fuzzy numbers are denoted by 0 and T, 
respectively. 
The a-level set [x]a of a fuzzy number x € JB is a closed interval [a", 6"], where the 
values a" = —00 and b°' = 00 are admissible. When a" = —00, for instance, then 
[a", 6"] means the interval (—00,6"]. 
Definition 2.5.1. A partial ordering < in £^  is defined hy x <y ii and only if a^ < GJ 
and b^ < 6f for all a E (0,1], where x,y E E, [x]a = K , 6^], [y]a = [a?.^"]-
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Definition 2.5.2. A sequence {x„} in E is called a-level convergence to x e E, if 
lim a^ = a" and lim 6^ = 6" for all a e (0,1], 
n—>oo n-+oo 
where [xn]a ^ K,^"] and [x]a = [a°,6"]. 
In this section, the set E will be endowed with the above partial ordering and a-level 
convergence. 
Definition 2.5.3. Let X be a non empty set and J be a mapping from X x X into 
G. Let the mappings L, R : [0,1] x [0,1] -^ [0,1] be symmetric, nondecreasing in both 
arguments and satisfy L(0,0) = 0 and R{1,1) = 1. Denote the a-level set of d{x, y) by 
for all a;, 7/ e X, 0 < a < 1. The quadruple {X, d, L, R) is called a fuzzy metric space 
and d a fuzzy metric, if 
(!) d{x, y) = 0 if and only if x = y, 
(ii) d(x, y) — d{y, x) for all x^y e X, 
(in) for all x,y,z ^ X 
(1) d{x,y){s + t) > L{d{x,z){s),d{z,y){t)) whenever s < Xi{x,z), t < Xi{z,y) and 
s + t < \i{x,y) and 
(2) d{x,y){s + t) < R{d{x,z){s),d(z,y){t)) whenever 5 > Xi{x,z), t > Xi{z,y) and 
s + t> Xi{x,y). 
The triangle inequality (iii) resembles Menger triangle inequality in a probabilistic met-
ric space (briefly, PM-space). The following two-place functions, which are frequently 
used in the study of PM-spaces, are possible choices for L and R : 
Ti{a,b) = max {a + b-1,0) (Max(sum-1,0)), 
T2{a,b) = ab (Product), 
T3(a,6)=min (o,6) (Min), 
T4(a, 5)=max (a, 6) (Max), 
T5(a,b) = a + b — ab (Sum-product), 
T6(a, b) = min (a + b, 1) (Min(Sum,l)). 
The above T-functions are listed in increasing order of strength in the sense that 
Ti{a, b) > Tj{a, b) for all a, 6 € [0,1] (abbreviated Tj > Tj), if z > j . As is known from 
Schweizer and Sklar [90], the Menger triangle inequality cannot hold universally with 
T > Max. An analogous result for fuzzy metric spaces is: 
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Lemma 2.5.1. Let {X, d, L, R) be a fuzzy metric space. If L > Max, then Ai(a;, y) = 0 
for all x,y e X.li R< Min, then d{x,y){t) ^ 0 for all t > Xi{x, y). 
The value d{x,y){t) may be interpreted as the possibility that the distance between x 
and y is t, abbreviated Poss {dist{x,y) = t). According to Zadeh [107], 
Poss(dist(a:, y) ^ A) — sup Poss(dist(x, y) = u) 
for a non fuzzy set A. Since dist{x,y){t) is non-decreasing on [0,Xi{x,y)] and non-
increasing on [Xi{x,y),oo], one get 
d{x,y){t) = Poss(dist(x,7/) > t) if t > Xi{x,y) 
d{x,y){t) — Poss(dist(x,|/) <t) \it < Xi{x,y). 
By these results we may interpret the triangle inequality with different choices of L 
and R as follows. If L(a, b) = 0 and 
iJ(a,6) = ( » ' f " = * = «• 
I 1 otherwise, 
then (ni) means that if Poss(dist(2;,2;) > s) = 0 and Poss(dist(2;, y) > t) = 0 then 
Poss(dist(x,7/) > s + t) = 0 provided s + t > Xi{x,y). Hence, in this case (iii) is 
analogous to the triangle inequality of a probabilistic metric space: 
If F^zis) = 1 and Fzy{t) = 1 then Fxy{t + s) — 1, ii s > Xi{x,z), t > Xi{z,y) and 
s + t > Xi{x,y) then (in) (2) with R =Max means that the possibility of dist{x,y) > 
s -f t is less than or equal to the maximum of possibilities that dist(2;, z) > s and 
dist{z,y) > t. If the fuzzy variables d{x,z) and d{z,y) are non interactive in the sense 
of Zadeh [107], then this interpretation may be written in the form 
Poss(dist(x, y) > s + t) < poss(dist(x, z) > s or dist(z,y) > t). 
Respectively, if s < Xi{x,z), t < Xi{z,y), and s + t < Xi{x,y), then in the non 
interactive case (iii) (1) with L =Min may be interpreted by 
poss(dist(x,y) < s +1) > poss(dist(x, z) < s and dist{z,y) < t). 
The other choices of L and R have similar interpretations. 
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Lemma 2.5.2. The triangle inequality (iii) (2) with R = Max is equivalent to the 
triangle inequality 
Pa{x,y) < paix,z) + pa{z,y) for all a G (0,1] and x,y,z eX. (2.5.1) 
Lemma 2.5.3. The triangle inequahty (iii) (1) with L — Min is equivalent to the 
triangle inequality 
Aa(2:, V) < Xa{x, z) + \a{z, y) ^ a £ (0,1] and x,y,ze X. (2.5.2) 
By Lemma 2.5.2 and 2.5.3, Kaleva and Seikkala [55] proved the following theorem: 
Theorem 2.5.1. In a fuzzy metric space (X, (i,Min,Max) the triangle inequahty (ui) 
is equivalent to 
d{x,y) < d{x, z) + d{z, y). (2.5.3) 
Remark 2.5.1. Let * be a mapping from R^ into R"^  which is symmetric, continuous 
and nondecreasing, i.e., \ir <u and s <v, then r * s <u^v. If x,y E G, then by the 
extension principle we can define a fuzzy number x *y hy 
X * y[t) = sup min {x{u), y{v)), when u^ v — t. 
{u,v)£&\ 
Since x,y e G, it can be shown that the supremum is attained. Thus by Nguyen [74], 
[X * y]a = [x]a * [y]a = {t E R : t = U*V, UE [x]a, V e [y]a}, 
for ah 0 < a < 1. Furthermore, since * is continuous, 
and hence 
This shows that x *y e G. Now, instead of triangle inequahty (2.5.3) we could choose 
the triangle inequality 
d{x, y) < d{x, z) * d{z, y) for all x,y,z e X, 
which is equivalent to 
K{x,y) <K{x,z)*Xaiz,y), 
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Pa{x,y) <Pa{x,z)*Pa{z,y), 
for 0 < a < 1, x,,y, z e X. As a special case for * = + we obtain (2.5.3) and for * = 
Max we obtain a fuzzy ultra metric space. 
Theorem 2.5.2. Let {X,d,L,R) be a fuzzy metric space with lim R(a,a) = 0. 
Then the family B = {U(e,a) : e > 0, 0 < a < 1} of sets U(e,a) = {{x,y) e 
X X X : pa{x, y) < e} forms a basis for a Hausdorff uniformity on X x X. Moreover, 
the sets 
Nx{e, a)^{yeX : Pa{x, y) < e} 
form a basis for a Hausdorff topology on X and this topology is metrizable. 
In the continuation, Kaleva [54] studied more properties of fuzzy metric spaces and 
proved the following completion theorem for KS-fuzzy metric spaces. 
Definition 2.5.4. A sequence {xn} in a fuzzy metric space {X,d,L,R) converges to 
X if lim d{xn, x] = 0, i.e, lim paixn, a;) = 0 for all 0 < a < 1. 
n—>oo n—>oo 
Definition 2.5.5. A sequence {xn} in a fuzzy metric space {X, d,L,R) is said to be 
Cauchy if lim d{Xn,Xm) = 0. 
Definition 2.5.6. A fuzzy metric space (X,d,L,R) is said to be complete if every 
Cauchy sequence in X converges. 
Definition 2.5.7. The fuzzy metric spaces {X,d,L,R) and (X', d', L', R') are said to 
be isometric if there exists a one-to-one mapping $ from X onto X' such that for every 
x,y e X, d{x,y) = d'{^{x),^{y)). The mapping $ is called an isometry. 
Definition 2.5.8. A complete fuzzy metric space {X*,d*,L,R) is a completion of 
(X, d, L, R) if (X, d, L, R) is isometric to a dense subset of (X*, d*, L, R). 
Theorem 2.5.3. Let (X, rf,Min,Max) be a fuzzy metric space with lim d{x,y){t) = 
t->oo 
0 for all x,y G X. Then (X, d,Min,Max) has a completion which is unique upto 
isometry. 
2.6. GV-Fuzzy Metric Spaces 
One of the main problems in the theory of fuzzy metric spaces is to obtain an appropri-
ate and consistent notion of a fuzzy metric space. Many authors have investigated this 
question and several notions of a fuzzy metric space have been defined and studied. 
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In particular, modifying the concept of metric fuzziness introduced by Kramosil and 
Michalek [60], George and Veeramani [35] have introduced and studied the following 
interesting notion of a fuzzy metric space: 
Definition 2.6.1. A 3-tuple {X, M, *) is called a fuzzy metric space if X is an arbitrary 
set, * is a continuous ^norm and M is a fuzzy set on X"^ x [0, oo) satisfying the following 
conditions: 
{i)M{x,y,t)>Q, 
(ii) M{x, y,t) = I if and only if x = y, 
(iii)M(x,y,t) = M(y,x,t), 
(iv) M{x, y, t) * M{y, z, s) < M{x, z,t + s), 
(v) M{x,y,.) : (0,oo) -^ [0,1] is continuous for all x,y,z e X and all s,t> 0. 
Remark 2.6.1. 
(1) In a fuzzy metric space {X, M, *), whenever M{x, y,t) > 1 — r ior x,y G X, t > 0, 
0 < r < 1, we can find o^ with 0 <to <t such that M{x, y, to) > 1 — r. 
(2) For any ri > r2, we can find r^ such that ri*rs> r2 and for any r^ we can find r^ 
such that rg * r5 > u, (n, r2, r^, n, n € (0,1)). 
In both fuzzy metric spaces (Definitions 2.2.1 and 2.6.1), the foUowing Lemma is sat-
isfied. 
Lemma 2.6.1. [38] Let {X, M, *) be a fuzzy metric space. Then M(x, y,.) is nonde-
creasing for all x,y €: X. 
Example 2.6.1. Let X = IR. Define a*b = ab and 
for all x,y e X Eind t G (0,oo). Then {X,M, *) is a fuzzy metric space. 
Remark 2.6.2. We can replace R by any metric space X and \x — y\ by d{x,y) in the 
above example. Further note that the above example holds even with the other t-norm 
0*6 = min{a, 6}. 
Example 2.6.2. Let {X,d) be a metric space. Define a*b = abfov all a,b & [0,1] and 
let M be a fuzzy set on X^ x (0, oo) defined as follows: 
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M(x,y,t)=[exp(t_ll) 
Then (X, M, *) is a fuzzy metric space. We call this fuzzy metric induced by a metric 
d the induced fuzzy metric. 
Remark 2.6.3. Note that the above example holds even with the t-norm a* b = 
min{a, b}. In the above example by taking k — m = n = 1, we get 
We call this fuzzy metric induced by a metric d the standard fuzzy metric. 
Example 2.6.3. Let X = N. Define a*b = ab and 
M{x,y,t)={ ^f - ^ ' 
[ y/x iiy<x. 
for all ^ > 0. Then {X, M, *) is'a fuzzy metric space. 
Remark 2.6.4. It is interesting to note that there exists no metric on X satisfying 
where M{x, y, t) is as defined in the above example. Also note that the above function 
M is not a fuzzy metric with the t-norm defined as a*b = min{a,b}. 
Definition 2.6.2. Let (X, M, *) be a fuzzy metric space. We define open ball B{x, r, t) 
as well as closed ball B[x, r, t] with center x e X and radius r, 0 < r < l , i > O a s 
Bix,r,t) = {y e X : M{x,y,t) > I - r}, 
B[x,r,t] = {yeX : M{x,y,t) >l - r}. 
Theorem 2.6.1. Every open ball is an open set. 
Theorem 2.6.2. Let {X,M,*) be a fuzzy metric space. Define 
T = {Ac X : x € A i f and only if there exist i > 0 and r, 0 < r < 1 
such that B{x,r,t) C .4}. 
Then r is a topology on X. 
Remark 2.6.5. Since {B{x,l/n,l/n); n = 1,2,...} is a local base at x, the above 
topology is first countable. 
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Theorem 2.6.3. Every fuzzy metric space is Hausdorff. 
Theorem 2.6.4. Let {X,d) be a metric space. Let M{x^y,t) = ^ J^ ^ be the fuzzy 
metric defined on X. Then the topology TQ induced by the metric d and the topology 
r induced by the fuzzy metric M are the same. 
Definition 2.6.3. Let {X, M, *) be a fuzzy metric space. A subset A of X is said to 
be F-bounded if and only if there exist i > 0 and 0 < r < 1 such that M{x, y,t) > l — r 
for all x,y ^ A. 
Remark 2.6.6. Let {X, M, *) be a fuzzy metric space induced by a metric d on X. 
Then ACXis F-bounded if and only if it is bounded. 
Theorem 2.6.5. Every compact subset A of a fuzzy metric space X is F-bounded. 
Remark 2.6.7. In a fuzzy metric space every compact set is closed and bounded. 
Theorem 2.6.6. Let {X, M, *) be a fuzzy metric space and r be the topology induced 
by the fuzzy metric. Then for a sequence {xn} in X, x^ i —)• x if and only if M{xn, x, i) —)• 
1 as n -^ oo. 
George and Veeramani [35] also proved that the definition of Cauchy sequence given 
by Grabiec [38] is not correct. In this regard, they furnished an illustrative example 
which contradicts the completeness of R as follows: 
Example 2.6.4. Consider 5„ = 1 + 1/2 + 1/3 + ... -f 1/n in (E, M,.), where 
M{x,y,t) = -—- r, 
t + d{x,y) 
d is a metric on R. Now 
M[Sn+p, Sn, t) = t+\Sn+p-Sn\ 
t+(l/n+l)+(l/n+2)+...+(l/n+p)" 
Therefore lim M{Sn+p, 5„,t) = 1. Thus {Sn} is a Cauchy sequence in the fuzzy metric 
n—¥(X> 
space R. If R is fuzzy complete then there exists x 6 R such that M{Sn,x,t) -4 1 as 
n -^ 00. From this it follows that 
t 
— —>• 1 a s n - > CO. 
t+\Sn- x\ 
Further [S'n — x| —> 0 as n -> oo and so ^n —> x in R, which is not true. 
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Hence to make E complete fuzzy metric space, they redefined the Cauchy sequence as 
follows: 
Definition 2.6.4. A sequence {x„} in a fuzzy metric space {X,M,*) is a Cauchy 
sequence if and only if for each e > 0, i > 0 there exists rio E N such that M(xn, Xm, t) > 
1 — e for all n, m > Uo-
Lemma 2.6.2. Every closed ball is a closed set. 
Using Lemma 2.6.2, George and Veeramani [35] proved Bare's theorem for fuzzy metric 
space as: 
Theorem 2.6.7. [35] Let X be a complete fuzzy metric space. Then the intersection 
of a countable number of dense open sets is dense. 
B[,emark 2.6.8. 
(1) Any complete fuzzy metric space cannot be represented as the union of a sequence 
of nowhere dense sets and hence it is not of first category. 
(2) Since every metric induces a fuzzy metric. Bare's Theorem for complete metric 
space [64] is a particular case of the Bare's theorem for complete fuzzy metric space. 
In 1997, George and Veeramani [35] gave a necessary and sufficient condition for a fuzzy 
metric space to be complete and proved that separable spaces are second countable and 
subspace of a separable space is separable besides proving uniform limit theorem for 
fuzzy metric spaces. 
Theorem 2.6.8. The induced fuzzy metric space {X, M, *) is complete if and only if 
the metric space (X,d) is complete, where M{x,y,t) = J^ •. for all x,y £ X and 
iG(0,oo). 
Definition 2.6.5. Let (Xi,Mi,*) and (X2,M2,*) be the given fuzzy metric spaces. 
For {xi, X2), (yi, 'ij2) e X1XX2, t > 0, if we define M{(xi, X2), (yi, y2), t) = Mi(xi, yi, t)* 
M2{x2,y2,t), then M is a fuzzy metric on Xi x X2. 
Further if Xi and X2 are complete fuzzy metric spaces, then the product space Xi x X2 
is also a complete fuzzy metric space. 
Definition 2.6.6. Let {X, M, *) be a fuzzy metric space. A collection of sets {Fn}nez+ 
is said to have fuzzy diameter zero if and only if for each pair r, t > 0, 0 < r < l , 
there exists n G Z"^  such that M{x,y,t) > 1 - r for all a;,y € Fn-
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Remark 2.6.9. A nonempty subset F of a fuzzy metric space X has fuzzy diameter 
zero if and only if F is a singleton set. 
Theorem 2.6.9. A necessary and sufficient condition that a fuzzy metric space 
{X, M, *) be complete is that every nested sequence of nonempty closed sets {-Fn}^i 
with fuzzy diameter zero have nonempty intersection. 
Corollary 2.6.1. A necessary and sufficient condition that a metric space {X,d) be 
complete is that every nested sequence of nonempty closed sets {-Plil^i with diameter 
tending to zero have nonempty intersection. 
Theorem 2.6.10. Every separable fuzzy metric space is second countable. 
Theoremi 2.6.11. Subspace of a separable fuzzy metric space is separable. 
Definition 2.6.7. Let X be any nonempty set and {Y, M, *) be a fuzzy metric space. 
Then a sequence {/„} of functions from X to y is said to converge uniformly to a 
function / from X to y if for given r,t > 0, 0 < r < l , there exists WQ G N such that 
M{fn{x),f{x),t) > 1 — r for all n > Uo and for all x e X. 
Theorem 2.6.12. [37] Let /„ : X -> y be a sequence of continuous functions from 
a topological space X to a fuzzy metric space Y. If {/„} converges uniformly to / , then 
/ is continuous. 
In 2000, Gregori and Romaguera [39] introduced the notion of precompact fuzzy metric 
space which provides several satisfactory results in this context. They also proved that 
the topology generated by any fuzzy metric space is metrizable and if the fuzzy metric 
space is complete, then the generated topology is completely metrizable. Our basic 
reference for general topology is [27]. 
Theorem 2.6.13. Let (X, M, *) be a fuzzy metric space. Then (X, TM) is a metrizable 
topological space. 
Corollary 2.6.2. A topological space is metrizable if and only if it admits a compatible 
fuzzy metric. 
Corollary 2.6.3. Every separable fuzzy metric space is second countable. 
Definition 2.6.8. [27] A metrizable topological space (X, r) is said to be completely 
metrizable if it admits a complete metric. 
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Theorem 2.6.14. Let (X, M, *) be a complete fuzzy metric space. Then {X,TM) is 
completely metrizable. 
Corollary 2.6.4. A topological space is completely metrizable if and only if it admits 
a compatible complete fuzzy metric. 
Since every completely metrizable space is a Baire space [27], Gregori and Romaguera 
[39] deduce from Theorem 2.6.14 the following: 
Corollary 2.6.5. Every complete fuzzy metric space is a Baire space. 
Definition 2.6.9. A fuzzy metric space (X,M,*) is called precompact if for each 
r, with 0 < r < 1 and each t > 0, there is a finite subset A oi X such that X = 
[j B{a, r, t). In this case, we say that M is a precompact fuzzy metric on X. 
A fuzzy metric space {X, M, *) is called compact if {X, TM) is compact topological 
space. 
Lemma 2.6.3. A fuzzy metric space (X, M, *) is precompact if and only if every 
sequence has a Cauchy subsequence. 
Theorem 2.6.15. A fuzzy metric space (X, M, *) is separable if and only if {X, TM) 
admits a compatible precompact fuzzy metric. 
Lemma 2.6.4. Let (X, M, *) be a fuzzy metric space. If a Cauchy sequence clusters 
to a point x ^ X, then the sequence converges to x. 
Theorem 2.6.16. A fuzzy metric space is compact if and only if it is precompact and 
complete. 
Theorem 2.6.17. A metrizable topological space is compact if and only if every 
compatible fuzzy metric is precompact. 
Theorem 2.6.18. A metrizable topological space is compact if and only if every 
compatible fuzzy metric is complete. 
In 2002, Gregori and Romaguera [40] defined the completions of fuzzy metric spaces 
as follows: 
In what follows, for a given metric space (X, d), we shall denote by (X, d) the (metric) 
completion of (X, d). In a first attempt to obtain a satisfactory notion of fuzzy metric 
completion we start by analyzing the relationship between the standard fuzzy metrics 
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of d and d, respectively. 
Example 2.6.5. Let {X,d) be a metric space and let / be an isometry from {X,d) 
onto a dense subspace of (X, d). The standard fuzzy metric {M-:,.) of d is given by 
a t + d(x,y) 
for allX,y e X and t > 0. Hence, one get Md{x, y, t) = M^{f{x),f{y),t) for all x,y e X 
and t > 0. 
The preceding example agrees with the following natural notions: 
Definition 2.6.10. Let {X, M, *) and {Y, N, *) be two fuzzy metric spaces. A mapping 
/ from X to Y is called an isometry if for each x,y e X and t > 0, M{x,y,t) = 
N{fix),f{y),t). 
As in the classical metric case, it is clear that every isometry is one-to-one. 
Definition 2.6.11. Two fuzzy metric spaces {X, M, *) and (y, N^-k) are called isomet-
ric if there is an isometry from X onto Y. 
Definition 2.6.12. Let (X, M, *) be a fuzzy metric space. A fuzzy metric completion 
of (X, M, *) is a complete fuzzy metric space (F, A^ , -k) such that [X, M, *) is isometric 
to a dense subspace of Y. 
Gregori and Romaguera [40] gave the following example to prove that there exists a 
fuzzy metric space that does not admit any fuzzy metric completion in the sense of 
Definition 2.6.12: 
Example 2.6.6. Denote by * the continuous t-norm defined on [0,1] x [0,1] by a * 
b =niax{0, a-|-6 — 1} for all a, 6 € [0,1]. Now let {x„}^3 and {yn}'^=3 be two sequences 
of distinct points such that AnB = (j), where A = {xn : n>3} and B = {yn '• n > 3}. 
Put X — AU B. Define a real valued function M on X'^ x (0, oo) as follows: 
M{Xn,Xm,t) = M{yn,ym,t) = 1 -
and 
n Am nV m 
M{Xn, Vm, t) = M{ym, Xn,t) = - + — 
n m 
for all n, m > 3. Then [X, M, *) is a fuzzy metric space having no fuzzy metric com-
pletion. 
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Definition 2.6.13. [36] A mapping / from a fuzzy metric space (X, M, *) to a fuzzy 
metric space {Y,N,-k) is called uniformly continuous if for each e G (0,1) and each 
t > 0, there exist S e (0,1) and s > 0 such that N{f{x),f(y),t) > 1 — e whenever 
M{x, y,s) > 1-5. 
Theorem 2.6.19. Let {X,d) be a metric space. Then, the standard fuzzy metric 
space (X, Md,.) admits an (up to isometry) unique fuzzy metric completion, which is 
exactly the standard fuzzy metric space of the completion of (X, d). 
Remark 2.6.10. If {X, d) is a metric space and define 
with k,m,n > 0 then {X,Mci^knmi •) is a fuzzy metric space. In particular, one get the 
standard fuzzy metric space when k = 'm — n — l. Prom Theorem 2.6.19, (X, M-j ,.) 
is (up to isometry) the unique fuzzy metric completion of {X, Md^knm:-)-
Gregori and Romaguera [40] proved that it is possible to obtain a general solution 
to the problem of fuzzy metric completion by using uniform isomorphism instead of 
isometries. 
Definition 2.6.14. Two fuzzy metric spaces (X, M, *) and (y,A/',*) are called uni-
formly isomorphic if there is a bijection f : X -^ Y such that / and f~^ are uniformly 
continuous in the sense of Definition 2.6.13. In this case we say that / is a uniform 
isomorphism between (X, M, *) and {Y,N,-k). 
If (X, d) is a metric space, Ud will denote the uniformity induced by d on X. 
Theorem 2.6.20. Let {X, M, *) be a fuzzy metric space. Then, there is (up to uniform 
isomorphism) a unique complete fuzzy metric space {Y, N, •) such that (X, M, *) is uni-
formly isomorphic to a dense subspace of Y. Furthermore (7, A'', •) is a standard fuzzy 
metric space and the uniform space (Y, UN) is uniformly isomorphic to the completion 
0f(X,[/M). 
In the light of these results we think that George and Veeramani's definition is an 
appropriate notion of metric fuzziness in the sense that it provides rich topological 
structures which can be obtained, in many cases, from classical theorems. 
In 2008, Rafi and Noorani [83] generahzed the product of probabihstic metric spaces 
given by Egbert [26] to the fuzzy framework as follows: 
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Definition 2.6.15. Let {X, Mx-, *) and {Y, My, *) are two fuzzy metric spaces defined 
with same continuous t-norms *. Let A be a continuous t-norm. The A-product of 
{X,Mx,*) and {Y,MY,*) is the product space (X x F , M A , * ) where X x Y is the 
Cartesian product of the sets X and Y and MA is the mapping from (X x y x (0,1)) x 
{X xY X (0,1)) into [0,1] given by 
M^{p,q,t + s) = Mi{xi,X2,t)AM2{yi,y2,s) 
for every p = (xi, yi) and q = (x2,2/2) in X xY and t,s e (0,1). 
Theorem 2.6.21. Let (X, Mx, *) and {Y,MY,*) are two fuzzy metric spaces under 
the same continuous t-norm *. Then their *-product {X x Y,M*, *) is a fuzzy metric 
space under *. 
We noted that for a metric space {X,dx), ii a*b — ab {or a*b = M.in{a,b)) for all 
a,b e [0,1] and Mdx{xi,X2,t) = ktn+Ji^(^:^^^^^) for each xi,X2 G X and k,m,n > 0, 
then {X, Mdx,*) is a fuzzy metric space induced by the metric dx- Hence, one deduce 
the following example: 
Example 2.6.7. Let {X,dx) and (F,dy) are metric spaces and {X x Y,d) be their 
product with d(]9, g) = max{dx(2;i, 2:2), (iy(2/i, 2/2)} for eachp = {xi,yi) smdq = {x2,y2) 
in X xY. Denote aAb = min(a, 6) for aU a,b E [0,1] and let M(i{p,q,t) = i >. 
Then {X x Y, Ma, *) is a A-product of {X, dx) and (7, dy). 
Proof. 
Md{p, q, t) 
t + d{p, q) t + max{clx(xi, X2), (iy(yi, ^2)} 
t_ 
max{t + {dx{xi, X2), (fy(t/i, t/2)} 
t t 
mm 
^t + dx{xi,X2y t + dy{yi,y2y 
^t + dx{xx,X2y ^t + dy{yi,y2)^' 
Hence Md{p,q,t) = Md^AMdy. 
Definition 2.6.16. [90] Let A and * are continuous t-norms. We say that A is 
stronger than *, if for each ai, 02,61,62 G [0,1], 
(ai * 6i)A(a2 * 62) > (aiAo2) * (61A62). 
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Lemma 2.6.5. If A is stronger than * then A > *. 
Theorem 2.6.22. Let {X,Mx,*) and {Y,A4Y,*) are two fuzzy metric spaces under 
the sanrie continuous i-norm *. If there exists a continuous t-norm A stronger than *, 
then the A-product {X x Y, M^, *) is a fuzzy metric space under *. 
Corollary 2.6.6. Let {X, Mx, * )^ and [Y, My, * )^ are fuzzy metric spaces and if there 
exists a continuous ^norm A stronger than *^  and * ,^ then their A-product is a fuzzy 
metric space under A. 
Theorem 2.6.23. Let {Xi,Mi,*) and {X2,M2,*) be two fuzzy metric spaces under 
the same continuous ^-norm *. Let U denote the neighbourhood system in {Xi x 
X2,M*,*) and let V denote the neighborhood system in {Xi x X2,M^,,*) consisting 
of the Cartesian products Bx^{r,t) x ^^.^(r, i) where Xi G Xi, x^ € X2, r € (0,1) and 
t > 0. Then U and V induce the same fuzzy topology on {Xi x X2, M,, *). 
2.7. On Fuzzy Metric Spaces 
In this section, fuzzy points are usually denoted by {x, A) and the set of all the fuzzy 
points defined on X is denoted by PF{X). Particularly, when X = K, fuzzy points are 
also called fuzzy scalars and the set of all the fuzzy scalars is denoted by S'F(K). A 
fuzzy set A can be regarded as a set of fuzzy points belonging to it, i.e.. 
or a set of fuzzy points on it. 
A^{{x,X):A{x)>\] 
A = {{x,\):A{x) = \]. 
Definition 2.7.1. Suppose (x, A) and (y, 7) are two fuzzy scalars.Then 
(i) we say (a, A) >z [h, 7) if a > 6 or (a, A) = (&, 7); 
(ii) (a, A) is said to be no less than (6,7) if a > 6, denoted by (a, A) >- (6,7) or 
(6 ,7 )^ (a, A); 
(iii) (a, A) is said to be non-negative if a > 0. The set of all the non-negative fuzzy 
scalars is denoted by S'p{R). 
Obviously, the orders defined in (i) and (ii) are both partial orders. Note that when 
R is considered as a subset of S'F(R), (K, y) and (R, >;:) are the same as (R, >). Thus 
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both y- and >z can be viewed as some kind of generalization of the ordinary complete 
order >. It is obvious that the order defined in (i) is stronger than the one in (ii). 
Definition 2.7.2. Suppose X is a nonempty set and dp : PF{X) X PF{X) ->• S'p{M) is 
a mapping. Then {Pp{X), dp) is said to be a fuzzy metric space if for any {(x, A), (j/, 7), 
{z,p)} C PF{X), dp satisfies the following three conditions: 
(i) non-negative: dp{{x, A), (y,7)) = 0 iff x = y and A = 7 = 1; 
(ii) symmetric: dp{{x, A), {y,7)) = dpHy,7), {x, A)); 
(iii) triangle inequality: dp^x, A), {z, p)) -< dp^x, A), (y, 7)) + dp{{y, 7), {z, p)); 
dp is called a fuzzy metric defined in Pp{X) and dir((x, A), (y, 7)) is called a fuzzy 
distance between the two fuzzy points. 
Since Sp{M.) is not a complete ordered set, in the triangle inequality of Definition 2.7.2, 
< is replaced by -< which is much weaker than it. 
Note that fuzzy metric spaces have fuzzy points as their elements, i.e., they are sets of 
fuzzy points. 
Example 2.7.1. Suppose {X, d) is an ordinary metric space. The distance of any two 
fuzzy points {x, A), (y, 7) in Pp{X) is defined by 
dp{{x, A), (y, 7)) = {d{x, y), min{A, 7}), 
where d{x,y) is the distance between x and y defined in {X,d). Then {PF{X),dF) is 
a fuzzy metric space. 
Example 2.7.2. We denote by R" the usual n-dimensional Euclidean space. Suppose 
L is a fuzzy linear space defined in R". The distance between arbitrary two fuzzy 
points (x. A), (y, 7) belonging to L, denoted by dpEdx, A), (y, 7)), is defined by 
dpEiix, A), (y, 7)) = dpiix, y), min{A, 7}), 
where ds is the usual Euclidean distance. Then (L, dpp) is also a fuzzy metric space, 
where L is also viewed as the set of fuzzy points belonging to the fuzzy set L. 
The two examples given above show that a fuzzy metric space can be constructed by 
a metric space in the usual sense, called an induced metric space of it and the metric 
of the space is called an induced metric of the original one. 
Definition 2.7.3. Suppose X is a nonempty set and dp : PF{X) X PF{X) -> SpiR) 
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is a mapping. Then (PF{X),dp) is said to be a strong fuzzy metric space if for any 
{x,X)_, (y, 7), {z,p) in PF{X), dp satisfies the following three conditions: 
(i) non-negative: dp{{x, A), (y,7)) = 0 iff x = y and A = 7 = 1; 
(ii) symmetric: dpHx, A), (y, 7)) = dpdy, 7), (x, A)); 
(iii) triangle inequality: djr{{x,X),{z,p)) ^ C?F((2;, A), (y,7)) + dF((y,7),(^,p))-
It is obvious from Definitions 2.7.2 and 2.7.3 that every strong fuzzy metric space is a 
fuzzy metric space. 
Example 2.7.3. Suppose L is a fuzzy Unear space defined in R". The distance between 
arbitrary two fuzzy points (x, A),{|/,7) belonging to L, denoted by dFE{{^,^)Ayi7))^ 
is defined by 
dpEiix, A), (y, 7)) = dsiix, y), min{A, 7}), 
where ds is the Euclidean distance. Then {L,dEF) is a strong fuzzy metric space, 
where L denote the set of fuzzy points on the fuzzy set L. 
Definition 2.7.4. Let {{an,Xn)} be a sequence of fuzzy scalars. It is said to be 
convergent to a fuzzy scalar (a, A), A 7^  0, denoted by Mm (a„, A„) = {a, A) if hm a„ = 
a, {Xi : Aj < A, z 6 N} is a finite set and there exists a subsequence of {A,}, denoted 
by {A;}, such that hm A/ = A. 
n—>oo 
Definition 2.7.5. Suppose (Pp(X),c!ir) is the induced fuzzy metric space of {X,d) 
and {{xn, An)} is a sequence of fuzzy points in (Pp(X), dp). It is said to be convergent 
to a fuzzy point {x, A), if hm dp{{xn, Xn), {x, A)) = 0^ and for any 7 € (0,1] such that 
n->oo 
lim dp{{xn, An), {x, 7)) = 0-y, one has A > 7. (x, A) is called the limit of the sequence, 
n~>oo 
denoted by lim (rc„, A )^ = (x, A). 
n-400 
Theorem 2.7.1. Suppose {{Xn,Xn)} is a sequence of fuzzy points in {Pp{X),dp) 
and (2, A) 6 {PF{X),dp), A 7^  0. We have that lim (a:„,An) = (x, A) if and only if 
lim Xn = X, {Xi : Aj < A, i € N} is a finite set and there exists a subsequence of {Xi}, 
denoted by {A/}, such that hm A/ = A. 
n—>oo 
Definition 2.7.6. Suppose {{xn,Xn)} is a sequence of fuzzy points in (Pp(X),dir). It 
is said to be a Cauchy sequence if there exists some A € (0,1] such that 
lim dpiixm+n, Xm+n), (^n, A„)) = OA, foi all m 6 N. 
Note that every Cauchy sequence of fuzzy points defined above has a unique fuzzy 
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point as its limit. 
Definition 2.1.1. An induced fuzzy metric space is said to be complete if any Cauchy 
sequence in it has a unique limit in the space. 
Theorem 2.7.2. Suppose (Pp(X), dp) is the induced fuzzy metric space of an ordinary 
metric space (A', (£). Then it is complete if and only if (X, d) is complete. 
Note that a strong fuzzy linear metric space is generally not complete. It can be seen 
through the counter example given below. 
Example 2.7.4. Consider the strong fuzzy linear metric space {L,dpE), where 
L = {(x, X):xe R/{Q}, A = 1/2} U {(0,1)} 
and dpE is induced by the ordinary Euclidean metric d^. The sequence {(l/n,l/2)} 
in L is a Cauchy sequence in the sense of Definition 2.7.6. However, the limit of the 
sequence, (0,1/2) is not on the space L. 
Definition 2,7.8. A fuzzy set A in {PF{X), dp) is said to be closed if the limit of any 
Cauchy sequence in A belongs to it. A fuzzy set A in {Pp{X),dp) is said to be open 
if A! is a fuzzy closed set, where A! is defined by A!{x) = 1 — A{x), for any x € X. 
Theorem 2.7.3. A fuzzy set A in {PF{X),dp) is closed if and only if every a-cut set 
of A, a e [0,1], is a closed set in {X,d) in the ordinary sense. 
Lemma 2.7.1. Any subsequence of a Cauchy sequence of fuzzy points is also a Cauchy 
sequence and has the same hmit as the original one. 
Theorem 2.7.4. Suppose {Pp{X),dF) is the induced fuzzy metric space of a metric 
space {X,d). Then {X,TF) is a fuzzy topology in the sense of B. M. Pu [81], called the 
fuzzy topology space induced by {Pp{X), dp), where Tp is defined by 
TF=^ {Ac PF{X) : A is a fuzzy closed set in (PF (X) , dp)}. 
From Theorem 2.7.4, we know that every fuzzy metric space can induce a fuzzy topology 
space, which implies in another way that the fuzzy measure defined by Xia and Guo 
[105] is not only reasonable but also significant. 
In 2007, H. Efe [25] extended the concept of round metric spaces given by Nathanson 
to the fuzzy framework as follows: 
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Let {X, M, *) be a fuzzy metric space. .If A C X, let A denote the closure of A in X. 
Then B{x, r, t) C B[x, r, t] for all z G X, each r G (0,1) and each i > 0. 
Definition 2.7.9. Let {X,M, *) be a fuzzy metric space. We call M a round fuzzy 
raetric for X if B{x, r, t) — B[x, r, t] for all x e X, each r € (0,1) and each t > 0. 
Remark 2.7.1. Let {X,M,*) be a fuzzy metric space. The fuzzy metric M is round 
iff y e B{x, 1 — M{x,y, t),t) for all x,y E X with x y^y and each t> Q. 
Definition 2.7.10. A fuzzy metrizable space X is a round fuzzy metric space if there 
exists a round fuzzy metric for X. 
Example 2.7.5. Let X = R. Definea*6 = aband M{x,y,t) = j ^ ^ ^ - Then (X,M,*) 
is a round fuzzy metric space. 
Theorem 2.7.5. Let X = AU K he a, fuzzy metrizable space, where A and K are 
nonempty, disjoint, closed sets and K is compact. Then no fuzzy metric for X is round. 
Remark 2.7.2. If a fuzzy metric space {X, M, *) has an isolated point, then no metric 
for X is round. 
Theorem 2.7.6. Let (Xi, Mi, *) and {X2, M2, *) be two fuzzy metric spaces without 
isolated points and let f : Xi ~> X2 he a, surjection such that for x,y,z G Xi, if 
Mi{x,z,t) > Mi{x,y,t), then M2{f{x),f{z),t) > M2{f{x)J{y),t) for alH > 0. If Mi 
is a fuzzy round metric for Xi, then M2 is a fuzzy round metric for X2. 
Definition 2.7.11. Let X be a nonempty set and Mi and M2 he two fuzzy metrics 
on X. Then Mi and M2 are said to be equivalent if there exist a,b E (0,1] such that 
aM2{x,y,t) < Mi{x,y,t) < bM2{x,y,t) 
for all a;, y G X and t > 0. We denote it by Mi ~ M2. 
Corollary 2.7.1. The relation " ~ " is defined as above is an equivalence relation. 
Corollary 2.7.2. Let Mi he a round fuzzy metric for X. If M2 is a fuzzy metric on X 
equivalent to Mi such that M2{x,z,t) > M2(a;,y,t) whenever Mi{x,z,t) > Mi{x,y,t), 
then M2 is also a round fuzzy metric for X. 
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CHAPTER III 
ON FIXED POINT THEOREMS 
3.1. Introduction 
As discussed in preceeding chapters, Deng [21], Erceg [28], Kaleva and Seikkala [55], 
Kramosil and Michalek [60] and Xia and Guo [105] have introduced the concepts of 
fuzzy metric spaces in various ways which also confirms the scope of further research 
in the theory of fuzzy metric spaces. Once fuzzy metric space theory is considerably 
developed, fixed point theorems started gaining ground with vigorous hope and renewed 
zeal in some of these metric spaces. In recent years, the hterature of fuzzy mathematics 
had observed the evolution of a multitude of fixed point theorems in metric spaces due 
to Kramosil and Michalek [60]. The development of fuzzy fixed point theorems thus far 
demonstrates that the study of Kramosil and Michalek [60] fuzzy metric spaces paves 
the way for developing a soothing machinery under the banner of fuzzy fixed point 
theory. 
The study of fixed point theorems in fuzzy mathematics was initiated by Grabiec [38] 
wherein he extended well known fixed point theorems of Banach [9] and Edelstien [24] 
to fuzzy metric spaces which were introduced by Kramosil and Michalek [60]. Following 
George and Veeramani [35], Cho [16], Cho et al. [17] and some others obtained common 
fixed point theorems for compatible maps as well as asymptotically commuting pair of 
maps on fuzzy metric spaces which generalize, extend and fuzzify several fixed point 
theorems for contractive type maps already known in metric and allied spaces. A 
number of fixed point theorems have also been obtained by various authors in fuzzy 
metric spaces by using the notion of weak conditions of commutativity of involved pairs 
of Eiappings (e.g. [48, 49, 103]). 
3.2. On Contraction Type Mappings 
We begin our discussion with the pioneering work of Grabiec [38] wherein he extended 
well-known fixed point theorems of Banach [9] and Edelstein [24] to complete and 
compact fuzzy metric spaces respectively (in the sense of Kramosil and Michalek [60]) 
which we refer as KM-fuzzy metric spaces. 
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Theorem 3.2.1. [38] Let {X, M, *) be a complete KM-fuzzy metric space such that 
Um M{x,y,t) = 1 for all x,y e X and t>0. 
t~¥0O 
UT : X -^ X is a mapping satisfying M{Tx, Ty, kt) > M{x, y, t) for all x, y e X, 
0 < fc < 1, then T has a unique fixed point. 
Theorem 3.2.2. [38] Let {X,M,*) be a compact KM-fuzzy metric space and let 
T : X ^ X he SL mapping satisfying M{Tx,Ty,.) > M{x,y,.) for all x j^ y. Then T 
has a unique fixed point. 
In 2002, Gregori and Sapena [41] introduced a uniform structme on the fuzzy metric 
space of George and Veeramani [35] and studied a new concept of a fuzzy contractive 
mapping which is in accordance with the theory of metric spaces. In what follows, we 
refer such modified metric spaces as GV-fuzzy metric spaces-. 
Lemma 3.2.1. In a fuzzy metric space (X, M, *), for any r € (0,1) we can find an 
s e (0,1) such that s* s>r. 
Let {X, M, *) be a fuzzy metric space. For each n € N define: 
B„ = {{x,y) eXxX:ye B{x,l/n,l/n)}. 
It is proved in [39] that the (countable) family {B„ : n G N} is a base for a uniformity 
U on X such that the topology induced by U agrees with the topology induced by the 
fuzzy metric M. The uniformity U will be called the uniformity generated by M. 
Let (X,Ml,*) and {Y,M2,*) be two fuzzy metric spaces and Uj the uniformity gener-
ated by Mj, z = 1,2. A mapping f : X -^ Y is uniformly continuous with respect to 
Ui and U2 iff for a given r2 G (0,1) and 2^ > 0 there exist ri G (0,1) and fi > 0 such 
that for each x,y E X 
M,{x,yM) > l - n ^ M2{f[x)J{y)M) > 1 - ^ 2 -
Definition 3.2.1. Let (X, M, *) be a fuzzy metric space. Then the mapping f : X -^ 
X is t-uniformly continuous if for each e, 0 < e < 1, there exists 0 < r < 1 such that 
for each x,y E X and t > 0 
M{x, y,t)>l-r=> M{f{x), f{y\ t)>\-e. 
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Remark 3.2.1. Clearly if / is ^-uniformly continuous it is uniformly continuous for 
the uniformity generated by M and then continuous for the topology deduced from M. 
Theorem 3.2.3. Let {X, M, *) be a fuzzy metric space and f : X -^ X he a mapping. 
Then, / is i-uniformly continuous iff for each S > 0 there exists rj > 0 such that 
. , / ,, — 1 < n impHes .,,,, ,^., .,. — 1 < 5, for each x.y Q X and t > 0. 
M{x,y,t) — I ^ M{f{x),f{y),t) — ' ' ^ 
Definition 3.2.2. Let {X, M, *) be a fuzzy metric space. Then the mapping / : A' -> 
X is fuzzy contractive if there exists A; G (0,1) such that 
^ ' i\<k( ' 
\M{f{x),f{y),t) J - \M{x,y,t) I 
for each x,y e X and i > 0 (A; is called the contractive constant of / ) . 
Theorem 3.2.4. Let {X,M,*) be a fuzzy metric space. If / : X -> X is fuzzy 
contractive then / is i-uniformly continuous. 
Theorem 3.2.5. Let {X, d) be a metric space. The mapping f : X -^ X is contractive 
(a contraction) on the metric space {X,d) with contractive constant A; iff / is fuzzy 
contractive, with contractive constant k, on the standard fuzzy metric space {X, Ma, *), 
induced by d. 
Definition 3.2.3. Let (X, M, *) be a fuzzy metric space. A sequence {x„} in X is 
fuzzy contractive if there exists k E (0,1) such that 
^ 1 A < , f . „ ' . . A 
\M{Xn+l,Xn+2,t) J ~ \M{Xn,Xr,+l,t) 
for alH > 0, n G N. 
Theorem 3.2.6. Let {X,Md,*) be the standard fuzzy metric space induced by the 
metric d on X. The sequence {xn} in X is contractive in {X,d) iff {x„} is fuzzy 
contractive in {X, Ma, *). 
Gregori and Sapena [41] extended the Banach fixed point theorem to fuzzy contractive 
mappings of complete GV-fuzzy metric spaces as: 
Theorem 3.2.7. [41] Let {X, M, *) be a complete fuzzy metric space in which fuzzy 
contractive sequences are Cauchy. Let / : X -> X be a fuzzy contractive mapping 
being k the contractive constant. Then / has a unique fixed point. 
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Prom Theorem 3.2.7, Gregori and Sapena [41] gave the following corollary, which can be 
considered as the fuzzy version of the classic Banach contraction theorem on complete 
metric spaces. 
Corollary 3.2.1. Let {X,Md,*) be a complete standard fuzzy metric space and let 
/ : X —)• X a fuzzy contractive mapping. Then / has a unique fixed point. 
Gregori and Sapena [41] extended the fixed point theorem of Banach to fuzzy contrac-
tive mappings of KM-fuzzy metric spaces, which are complete in the sense of Grabiec 
[38]. 
Theorem 3.2.8. [41] Let (X, M, *) be a G-complete fuzzy metric space and let 
f : X -y X he a fuzzy contractive mapping. Then / has a unique fixed point. 
3.3. On ((;/I), V;)-Weak Contraction 
Now, we present some prehminary definitions and results(due to Vetro et al. [103]) 
especially in respect of GV-fuzzy metric spaces (due to George and Veeramani [35]) 
needed in our subsequent discussion. 
Definition 3.3.1. Let {X, M, *) be a fuzzy metric space and f,T:X-¥Xhe two 
maps. A point a; in X is called coincidence point (common fixed point) of / and T 
\i fx — Tx (fx = Tx = x). The maps / , T : X —>• X are weakly compatible if they 
commute on the set of their coincidence points. 
Definition 3.3.2. Let (X, M, *) be a fuzzy metric space and / : X -> X be a map. 
The map T : X -> X is called a ^-weak contraction with respect to / if there exists a 
function ip '• [0, oo) -^ [0, cx») with tp{r) > 0 for r > 0 and '4){0) = 0 such that 
^ - 1 < f TTTT-V^ - 0 - V'f T T T T V ^ - l l (3-3.1) M{Tx,Ty,t) -\M{fx,fy,t) J "^ \M{fx,fy,t) 
holds for every x, y G X and each i > 0. If the map / is the identity map, then the 
map T : X —> X is called a tp-weak contraction. 
Definition 3.3.3. [59] A function cj): [0, oo) -> [0, oo) is an altering distance function 
if (/)(i) is monotonically nondecreasing, continuous and 0(t) = 0 if and only if t = 0. 
Now, employing the notion of altering distance function, we adopt the notion of (0, IJJ)' 
weak contraction in fuzzy metric spaces due to Vetro et al. [103]. 
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Definition 3.3.4. Let {X, M, *) be a fuzzy metric space and / : X —> X be a map. 
The map T : X -^ X is called a {(f), ^)-weak contraction with respect to / if there exist 
a function ip : [0, oo) —> [0, co) with il){r) > 0 for r > 0 and •0(0) = 0 and an altering 
distance function cp such that 
holds for every x,y ^ X and each t > 0. If the map / is the identity map, then the 
map T : X ^ X is called a (^,V')-weak contraction. 
Let us agree to write 
m{f,g, T, S) := min{M{gx, fy, t), M{Tx, gx, t), M{Sy, fy, t)}. 
Definition 3.3,5. Let {X, M, *) be a fuzzy metric space and f,g,S,T : X -^ X he 
four maps. The pair {S, T} is called a generalized (0, ijj)-weak contraction with respect 
to {f-,g} if there exist a function ip : [0,oo) -> [0, oo) with •0(r) > 0 for r > 0 and 
0(0) = 0 and an altering distance function 0 such that 
holds for every x,y e X and each ^ > 0. Particularly, if S = T, then the map 
T : X ^ X is called a generalized (0,'0)-weak contraction with respect to {f,g}-
Also, ii f = g, then the pair {S, T} is called a generahzed (0, •0)-weak contraction with 
respect to {/}. In case f = g and S = T, then the map T is called a generalized 
(0,0)-weak contraction with respect to {/}. Finally, if 5" = T and f = g = I, where 
/ is the identity map, then the map T : X -^ X is called a generalized (0, '0)-weak 
contraction. 
Definition 3.3.6. Let {X, M, *) be a fuzzy metric space and f,g,S,T : X -)• X he 
iom maps. The pair {S, T} is called a generalized (0, '0)-weak contraction of integral 
type with respect to {/, g} if there exist a function tp : [0, oo) -^ [0, oo) with xp{r) > 0 
for r > 0 and -0(0) = 0 and an altering distance function 0 satisfying, for every x,y G X 
and each i > 0, the condition 
/ ip{s)ds < / ip{s)ds - / (p{s)ds, (3.3.4) 
Jo Jo Jo 
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where (/? : [0, oo) —>• [0, oo) is a Lebesgue integrable map which is summable on each-
compact subset of [0, oo) and such that for all e > 0, 
(p(s)ds > 0. 
'0 
If 5 = r and f ~ g, then the map T : X -^ X is called a generalized {(j),ijj)-weak 
contraction of integral type with respect to / . 
Now, we present some recent results along with illustrative examples (presently in the 
press) due to Vetro et aJ. [103] for (0, tpy-weak contractions as follows. 
Theorem 3.3.1. Let {X, M, *) be a fuzzy metric space and f,g,S,T:X-^Xhe four 
maps such that the pair {S, T} is a generalized (0, V )^-weak contraction with respect 
to {f,g}. If T{X) C f{X), Six) C g{X), one of f{X),g{X),SiX) and T{X) is a 
G-complete subspace of X, then the pairs {/, S} and {g, T} have a coincidence point 
each provided tp is continuous. Moreover, f,g,S and T have a unique common fixed 
point in X provided the pairs {/, S} and {g, T} are weakly compatible. 
Proof. Let XQ be an arbitrary element in X. As S{X) C g{X) and T{X) C f{X), 
define (for each n>0) the sequence {y„} C X by 
y2n = Tx2n = fX2n+l a n d 2/2n+l = «S'a;2n+l = gX2n+2-
Suppose y2n = y2n+i for some n. Then by (3.3.3), we have y2n+i = y2n+2 and so 
Vm = y2n for every m > 2n. Thus the sequence {y„} is Cauchy. The same conclusion 
holds if y2n+i — y2n+2 for some n. Assume that y„ 7^  y„+i for all n. Then, for x = X2n 
and y = X2n-i, we have 
m{f> 9^ T, S) = mm{M{gX2n, fX2n-ht), M{Tx2n, gX2n, t), M{Sx2n-lJX2n-l,t)} 
= mm{M{y2n-l,y2n-2, t), M{y2n, y2n-l,t), M{y2n-l,y2n-2, t)}. 
So, if m{f,g,T, S) = M{y2„,y2n-i,t), one obtains 
(j) ( ^ ^- r - 1 I < 0 (—: ^ T - 1 I - V' (—, ^ 7 - 1 1 
\M{y2n,y2n-ut) ) \M{y2n,y2n-l,t) J \M{y2n,y2n-l,t) J 
which implies that M{y2n,y2n-i,t) = 1, a contradiction as y„+i ^ y„ for all n. 
Then, we must have m(/, g, T, S) = M(y2n-i, y2n-2, t) and henceforth 
M{y2n,y2n-l,t) J \M{y2n-l,y2n-2,t) J \M{y2n-l,y2n-2,t) 
<<P(TT^ ^ T-M-
\M{y2n-hy2n-2,t) ) 
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By using the same arguments as earlier, one obtains the same inequaUty for x = X2n-2 
and y = X2n-i- Consequently, considering the fact that (p function is nondecreasing, 
we have that M{yn,yn+i,t) > iW(?/„_i,y„,i) for all n and hence {M(y„_i,?/„,i)} is an 
increasing sequence of positive real numbers in (0,1], Let S{t) = lim M{yn-i,yn,t)-
n-+oo 
Then we show that S{t) — 1 for all f > 0. If not, there exists t > 0 such that S{t) < 1. 
Then on making n —)• oo in above inequality, one obtains 
a contradiction. Hence M{yn,yn+\,t) -> 1 as n -4 oo. Now, for each positive integer p, 
M(y„, y„+p, t) > M{yn, yn+i,t/p) * M{yn+i,yn+2,t/p) *•••* M{yn+p-i,yn+p, t/p), 
^ lim M{yn,yn+p,t) > 1 * 1 * - - - * 1 = 1. 
n—>oo 
Hence {y„} is a G-Cauchy sequence. 
If g{X) is G-complete, then there exists q E g{X) such that 2/„ —)• g as n -> CXD. Clearly 
lim y2n = lim Tx2n = lim fx2n+i = q and 
n—*oo n—>oo re—>oo 
lim y2n+\ = lim 5x2„+i = hm gx2n+2 = q-
n—>oo n—¥oo n—>oo 
Let p £ X he such that gp = q. We show that p is a coincidence point of T and g. 
Assume Tp ^ gp. Now, for a; = p and y = X2re+i, we have 
m{f,g,T,S) = m.in{M{gp,fx2n+i,t),M{Tp,gp,t),M{Sx2n+i,fx2n+i,'t)} and 
MiTp,Sx2n+i,t) J -^\m{f,g,T,S) J "^ \m{f,g,T,S) J 
for every t > 0 which on taking n -^ oo gives rise 
which is a contradiction yielding thereby Tp = q. Therefore g' is a point of coincidence 
for the pair {g,T}. Since the pair {g,T} is weakly compatible, we have gq — gTp = 
Tgp — Tq. Now, we show that Tq = q. If not, then for x = g and y — X2n+i we have, 
m{f,g,T,S) = min{M{gq,fx2n+i,t),M{Tq,gq,t),M{Sx2n+i,fx2n+ut)} -> M{Tq,q,t), 
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for all t > 0. Now by 
'^  [M{Tq,Sx2n^ut) -^J-"^ [m{f,g,T,S) " ^j " ^ [m{f,g,T,S) ~ V 
which on making n —> oo reduces to 
a contradiction yielding thereby Tq = q. To show that q is also fixed point of the 
pair {/, 5}, we observe that being T{X) C f{X), then there is some v ^X such that 
Tq = fv. Thus Tq = fv - gq - q. We claim that Sv = q. If not, then using (3.3.3) 
with X = q and y = v, we again arrive at a contradiction implying thereby Sv = q. 
So, Sv — fv — q which shows that f is a coincidence point of S and / . By weak 
compatibility of the pair {/, S}, we deduce Sv = Sfv = ffv = fq. Finally arguing via 
contradiction, using (3.3.3) one obtains that Sq = q and hence Tq = Sq = fq = gq = q. 
Clearly proceeding on the foregoing lines, one can obtain the same conclusion in case 
(instead of g{X)) one of f{X), S{X) aud T{X) is a (?-complete subset of X. The 
uniqueness of the common fixed point q is also an easy consequence of condition (3.3.3), 
so we omit the details. This completes the proof. 
Restricting / , g, S, and T suitably, one can deduce the following natural corollaries for 
different classes of mappings which can be fruitful situationally. 
Corollary 3,3.1. Let {X, M, *) be a fuzzy metric space and / , p , T : X -> X be three 
maps such that the map T is a generalized (0, •^)-weak contraction with respect to 
{/,g}. If T{X) C f{X)ng{X), one of f{X),g{X) and T{X) is a G-complete subspace 
of A', then the pairs {/,T} and {^ , T} have a coincidence point each provided ^ is 
continuous. Moreover, / , g and T have a unique common fixed point in X provided 
the pairs {/, T} and {g, T} are weakly compatible. 
Corollary 3.3,2. Let {X, M, *) be a fuzzy metric space and f,S,T : X -^ X he three 
maps such that the pair {S, T} is a generalized {(f), ip)-weak contraction with respect 
to / . If T{X) U S{X) C f{X), one of / (X) , 5(X) and T{X) is a G-complete subspace 
of X, then the pairs {/, S} and {/, T} have a coincidence point each provided ip is 
continuous. Moreover, / , S and T have a unique common fixed point in X provided 
the pairs {/, S} and {/, T} are weakly compatible. 
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Corollary 3.3.3. Let {X, M, *) be a fuzzy metric space and T : X -^ X he a, 
generalized {(f), •^ j-weak contraction with respect to f : X ^ X. If the range of / 
contains the range of T and f{X) or T{X) is a G-complete subset of X, then / and T 
have a coincidence point provided tp is continuous. Moreover, / and T have a unique 
common fixed point in X provided the pair {/, T} is weakly compatible. 
The following example demonstrates the utility of Theorem 3.3.1. 
Example 3.3.1. Let X = [0,1] and * be a minimum norm. Let M be the fuzzy 
metric defined by 
Mix, y, t) = — for alb, yeX, t>0. 
t + \x-y\ 
Set (j) be the identity map and define i) : [0, oo) —> [0, oo) as il){t) = ^ , jx = gx = x 
whereas S,T as 
[0 i f x e [ | , i ] . 
Then, condition (3.3.3) is trivially satisfied ii x,y G [0, 5) or x,y € [|,1]. Suppose 
X € [0, i) and y G [|, 1], then we have 
= l > l = f I iV 
2t - 4t \M{Tx,Ty,t) J 
Thus all the conditions of Theorem 3.3.1 are satisfied. Moreover f,g,S and T have 
a unique common fixed point. In order to exhibit the utility of Theorem 3.3.1 over 
the corresponding result (under condition (3.3.2)), we find that condition (3.3.2) is not 
satisfied. In fact, one get 
[M{fx,fy,t) - 7 - ^ [Mifx,fy,t) ' 7 ^ 2 {Tj ^ "W 
and 
/ I ;^ 1 
\MiTx,Ty,t) ) At 
but the inequahty (y - x)/2t > l/4t is not true \iy- x <\. 
The following example illustrates Corollary 3.3.3. 
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Example 3.3.2. Let X,(f),jp,f and M{x,y,t) as in Example 3.3.1 above. Consider 
4 
2 
Tx = Y- Then one get 
i]-J , ' ^_,)j^zy\>\-'-y'\ 
M{fxjy,t) J ^\M{fxJy,t) ) It ' M 
( 1 
1 \M{Tx,Ty,t) 
Thus T satisfies the conditions of Corollary 3.3.3. Moreover / and T have a unique 
common fixed point. 
Corollary 3.3.4. Let {X, M, *) be a G-complete fuzzy metric space and T : X ^ X 
be a {(f), tp)-weak contraction. If ip is continuous then T has a unique fixed point. 
If (f> is the identity map and ijji''') = (1 — k)r with r > 0 in Corollary 3.3.4, then one 
obtains the following result of Gregori and Sapena as a corollary. 
Corollary 3.3.5. Let {X,M,*) be a fuzzy metric space. T : X -^ X he a. map 
satisfying 
^ l<k(-rjT^ r - 1 ) (3.3.5) 
M{Tx,Ty,t) - \M{x,y,t) 
for each x,y ^ X, t> 0 and k G (0,1). Then T has a unique fixed point. 
The following example exhibits that mappings satisfying condition (3.3.3) need not be 
a fuzzy contraction. 
Example 3.3.3. Let 0,'0, / and M{x,y,t) be same as in Example 3.3.1 above. Let 
X = [0,2] and define 
if X e [0,1], 
i fxG( l ,2 ] . 
Thus, the map T does not satisfy the condition (3.3.5) on whole of X i.e. T is not a 
fuzzy contraction. In fact, if we take x = 999/1000 and y = 1001/1000, then one get 
M{Tx,Ty,t) 90000 i 900001 \M{x,y,t) J- \M{x,y,t) 
for every i > 0 and k € (0,1). However, under the same set of assumptions as 
outlined above, T satisfies the condition (3.3.3) for all x,y e X. In particular, with 
x =-- 999/1000 and y = 1001/1000, one get 
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' -^ . ( ^ . - ^ ^ - 1 ) = ^ 
mif,g,T,S) J ^\m{f,g,T,S) J 2t 
y 9009 
20000 t 
981 / 1 \ 
^ 90000 t ~ \M{Tx,Ty,t) ~ 7 ' 
for every t > 0. Thus T is a (0, ipyweak contraction. 
Corollary 3.3.6. Let {X,M,*) be a fuzzy metric space and f,g,S,T : X -^ X he 
such that the pair {S,T} is a generalized (^,'0)-weak contraction of integral type with 
respect to {f,g}. Suppose that T{X) C f{X), S{X) C g{X), one oif(X),g{X), S{X) 
and T{X) is a G^-compIete subset of X and the pairs {/, S} and {g, T} are weakly 
comipatible. Then / , g, S and T have a unique common fixed point in X provided that 
^ is a continuous map. 
Corollary 3.3.7. Let (X, M, *) be a fuzzy metric space and T : X -^ X he a. 
generahzed (0, t/')-weak contraction of integral type with respect to f : X -^ X. If the 
range of / contains the range of T and f{X) or T{X) is a G—complete subset of X 
and {/,T} is weakly compatible, then / and T have a unique common fixed point in 
X provided that il> is a continuous map. 
Further, if we set 0 as the identity map and tp(r) = (1 — k)r with r > 0 along with 
m{f,g,T,S):=^ M{gxjy,t) 
in Theorem 3.3.1, then one derive the following classical result of Jungck [52] as a 
corollary. 
Corollary 3.3.8. Let f,g,S and T he four self maps of a metric space {X,d) such 
that d{Sx,Tx) < kd{fx,gy), for every x,y e X, where k G (0,1). If r ( X ) C f{X), 
S{X) C g{X), one of f{X),g{X),S{X) and T{X) is a complete subspace of X, then 
the pairs {f,S} and { '^,7'} have a coincidence point. Moreover, f,g,S and T have 
a unique common fixed point in X provided the pairs {/, S} and {g, T} are weakly 
compatible. 
If we set T = / in Corollary 3.3.7, then one derive the following classical result Branciari 
[12] as a corollary. 
Corollary 3.3.9. Let T be a self map of a complete metric space {X, d) such that 
rd{Tx,Ty) nd{x,y) 
I (fi{s)ds <k ip{s)ds, for all x, y G X, 
Jo Jo 
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where fc € (0,1). Then, T has unique fixed point in X. 
As an application of Theorem 3.3.1, Vetro et al. [103] proved the following theorem 
which turns out to be a partial generalization of Theorem 3.3.1. 
Theorem 3.3.2. Let {X,M,*) be a fuzzy metric space and f,g,S,T : X -^ X be 
four maps such that the pair {S"\T"} is a generalized {(f),ip)-\veak contraction with 
respect to {f^^g'^}. UT^{X) C fP{X), S"^{X) C g^{X), one oi r{X),g''{X),S'-{X) 
and T"{X) is a G-complete subspace of X, then f,g, S and T have a unique common 
fixed point in X provided the pairs {/, S} and {g, T} commute and tp is continuous. 
Restricting f^, g'', T" and S"" suitably, one deduce the corollaries similar to Corollaries 
3.3.1,3.3.2,3.3.3 and 3.3.4. For the sake of brevity, we limit ourselves to two natural 
corollaries: one for a single map and the other for a pair of maps. 
Corollary 3.3.10. Let T,f:X-^Xhe two self maps on a fuzzy metric space 
{X, M, *) such that T" ' : X -^ X is a generalized {(f), ipyweak contraction with respect 
to r : X -^ X. If the range of f contains the range of T"^ and f{X) or r '"(X) 
is a G-complete subset of X, then / and T have a coincidence point provided ifj is a 
continuous. Moreover, / and T have a unique common fixed point in X if the pair 
{/, T} commutes. 
Corollary 3.3.11. Let {X, M, *) be a G-complete fuzzy metric space and T : X -^ X 
be a map so that T"^ : X -> X is a (0, ^ )-weak contraction. If tjj is continuous then T 
has a unique fixed point. 
Finally, using examples one show that Theorem 3.3.2 and Corollaries 3.3.10 and 3.3.11 
can be situationally useful over the corresponding results (i.e. Theorem 3.3.2, Corollary 
3.3.3 and Corollary 3.3.4). 
Example 3.3.4. Let X and M{x,y,t) be the same as in Example 3.3.1. Now define 
^^^ \\ ifxe(0,J)U(i,l), 
| i ifxe[o,i]nQ, 
^ ^ [I ifx0[o,i]ng. 
Then notice that T'^{x) = 1 for every x e X and henceforth set p = m = 2. Therefore 
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the condition 
(where m(/ , / , T, T) = min{M(/2x, /^y, i), M{T'x, fx, t), M{T\ py, t)}) 
is always satisfied for every desired 0 and -ip. However, / and T do not form a (0, ip)-
weak contraction i.e. / and T do not satisfy the condition 
<M(TO-0-KTOT)-0 -HM7^ ^'-''^ 
where m(/, / , T, T) = mm{M{fx, fy, t), M{Tx, fx, t), M{Ty, fy, t)}. 
Example 3.3.5. Let X and M{x,y,t) be as in Example 3.3.1 and take m = 2. Now 
consider { 0 whenx € {0,5,1}, 
1 when X € (0, i) U (|, 1). 
Notice that T^{x) ^ 0 for every x ^ X. Therefore the condition 
is always satisfied for every desired 0 and ip. However, T is not a {(p, ^)-weak contrac-
tion, i.e., T does not satisfy the condition 
If we take x — 0 and make y -> 0. Moreover, if we choose x = 0 and ?/ € (0, | ) or (5,1), 
then even T does not satisfy the condition 
^ 1 < A; (777^^ r - 1 ) (3.3.10) 
M{Tx,Ty,t) - \M{x,y,t) 
with any constant k € (0,1), i.e., T is not a fuzzy /^-contraction. 
3.4. Results via Compatibility and Allied Conditions 
In what follows, we discuss some fixed point theorems involving asymptotically com-
muting as well as compatible pairs. Firstly, we discuss the following relevant definitions 
as well as results due to Cho et al, [17] . 
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Throughout this section, {X, M, *) will denote the fuzzy metric space with the following 
condition: 
lim M{x,y,t) = 1 for all x,y e X and t > 0. 
In 1998, Cho et al. [17] formulated the definition of compatible maps of type(;^) in GV-
fuzzy metric spaces and obtained some relations between the concepts of compatible 
and compatible maps of type(a) and (P) besides proving some fixed point theorems 
for compatible maps of type(/3) on GV-fuzzy metric spaces. 
Definition 3.4.1. Let / and g be maps from a fuzzy metric space {X, M, *) into itself. 
The maps / and g are said to be compatible (or asymptotically commuting) if, for all 
t > 0 , 
lim M{fgxn,gfxn,t) = 1 
n—)-oo 
whenever {xn} is a sequence in X such that lim fxn — lim gxn = z for some z E X. 
Prom the above definition it is inferred that / and g are non-compatible maps from a 
fuzzy metric space {X, M, *) into itself if hm fXn — lim gXn — z for some 2 G X, 
n—>oo n—>oo 
but either Um M{fgXn, gfxn, t) y^ 1 ox the limit does not exist. 
n-+oo 
Definition 3.4.2. [16] Let / and g be maps from a fuzzy metric space {X, M, *) into 
itself. The maps / and g are said to be compatible of type(a) if, for all t> 0, 
lim M{fgxn,ggxn,t) = I ajid lim M{gfxnjfxn,t) = l 
whenever {x„} is a sequence in X such that lim fxn = lim gXn — z for some z ^ X. 
n—>cx3 n—>oo 
Definition 3.4.3. Let / and g be maps from a fuzzy metric space {X, M, *) into itself. 
The maps / and g are said to be compatible of type(/?) if, for all ^ > 0, 
lim M{ffxn,ggxn,t) = l 
n—¥oo 
whenever {xn} is a sequence in X such that lim fxn = lim gXn = z for some z E X. 
n—^oo n—>oo 
Theorem 3.4.1. Let {X,M,*) be a fuzzy metric space with t*t >t for all t e [0,1] 
and let / and g be continuous maps from X into itself. Then / and g are compatible 
if and only if they are compatible of type(a). 
Theorem 3.4.2. Let {X, M, *) be a fuzzy metric space with i * i > t for all i e [0,1] 
and let / and g be continuous maps from X into itself. Then / and g are compatible 
if and only if they are compatible of type(;5). 
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Theorem 3.4.3. Let {X, M, *) be a fuzzy metric space with t*t>tioTal\te [0,1] 
and let / and g be compatible maps of type(a). If one of / and g are continuous, then 
/ and g are compatible maps of type(/?). 
Theorem 3.4.4. Let {X, M, *) be a fuzzy metric space with i * i > i for alH G [0,1] 
and let / and g be continuous maps from X into itself. If / and g are compatible of 
type(/3), then they are compatible of type(a). 
From Theorems 3.4.3 and 3.4.4, Cho et al. [17] drive the following: 
Theorem 3.4.5. Let {X, M, *) be a fuzzy metric space with f * i > t for alH G [0,1] 
and let / and g be continuous maps from X into itself. Then / and g are compatible 
of type(a) if and only if they are compatible of type(/3). 
Theorem 3.4.6. Let {X, M, *) be a fuzzy metric space with t * i > i for alH G [0,1] 
and let / and g be maps from X into itself. If / and g are compatible of type(/?), and 
fz = gz for some z eX, then fgz = ggz = gfz = ffz. 
Theorem 3.4.7. Let {X, M, *) be a fuzzy metric space with t*t>t(oxal\t^ [0,1] 
and let / and g be compatible maps of type(/?) from X into itself and let {x„} be a 
sequence in X such that hm /x„ = lim gXn = z for some z ^ X. Then we have the 
n—>oo n—>oo 
following: 
(i) lim ggx„ = / z if / is continuous at z, 
n--¥OQ 
(ii) lim ffxn = gz if g is continuous at z, 
n—¥oo 
(iii) fgz — gfz and fz = gz ii f and g are continuous at z. 
Cho et al. [17] proved the following common fixed point theorems for compatible maps 
of type(/?) in fuzzy metric spaces. 
Theorem 3.4.8. Let {X, M, *) be a complete fuzzy metric space with t*t>t for all 
t G [0,1] and let / , g be self-maps of X. If there exist continuous maps S,T : X -^ X 
and a constant A; G (0,1) such that 
(i) ST = TS, 
(ii) the pairs (/, S) and {g,T) are compatible of type{/3), 
{iii}fT{X)UgSiX)cSTiX), 
[1 + pMiSx, Ty, kt)] * M(/x, gy, kt) > p[M{fx, Sx, kt)] * Migy, Ty, kt) 
+M[{fx, Ty, kt) * M{gy, Sx, kt)] + M{Sx, Ty, t) * M{fx, Sx, t) * M{gy, Ty, t) 
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*M{gx, Ty, at) * M{gy, Sx, (2 - a)t) 
for all x,y E X and i > 0, wherep > 0 and a 6 (0,2), then / ,g, S and T have a unique 
common fixed point in X. 
From Theorem 3.4.8 with p = 0, Cho et al. [17] drive the following: 
Corollary 3.4.1. Let {X, M, *) be a complete fuzzy metric space with t*t > t for all 
t e [0,1] and let / , g be self-maps of X. If there exist continuous maps S,T : X -^ X 
and a constant A; € (0,1) such that 
(i) ST = TS, 
(ii) the pairs {f,S) and {g,T) are compatible of type(;5), 
{iu)fT{X)DgS{X)cST{X), 
M{fx, gy, kt) > M{Sx, Ty, t) * M{fx, Sx, t) * M{gy, Ty, t) 
*M{fx, Ty, at) * M{gy, Sx,{2- a)t) 
for all x,y e X and t > 0, where a G (0,2), then / ,g ,S and T have a unique common 
fixed point in X. 
Remark 3.4.1. li S = T and f — g in Theorem 3.4.8, then (i)-(iii) of the theorem 
imply that / and S are compatible of type(/3) and f{X) C S{X). 
Remark 3.4.2. If S = T in Theorem 3.4.8, then conditions (i) and (ii) of theorem 
imply that the pairs (/, S) and {g, S) are compatible of type(/3) and (iii) reduces to 
fiX)Ug{X)cSiX). 
From Theorem 3.4.8 with S = T = Ix (the identity map on X), one deduce the 
following: 
Corollary 3.4.2. Let {X, M, *) be a complete fuzzy metric space with t*t>t for all 
t € [0,1] and let f,g be self-maps of X. If there exists a constant k G (0,1) such that 
[1 + pM{x, y, kt)] * M{fx, gy, kt) > p[M{x, fx, kt) * M{y, gy, kt) 
+M{y, fx, kt) * M{x, gy, kt)] + Mix, y, t) * M{x, fx, t) * M{y, gy, t) 
*M{y, fx, at) * Mix, gy, (2 - a)t) 
for all x,y 6 X and f > 0, where p > 0 and a G (0,2), then / and g have a unique 
common fixed point in X. 
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In view of Remark 3.4.1, Cho et al. [17] drive the following: 
Corollary 3.4.3. Let {X, M, *) be a complete fuzzy metric space with t * f > t for all 
t € [0,1] and let f,g be compatible maps of type(/3) on X such that f{X) C g{X). If 
S is continuous and there exists a constant k G (0,1) such that 
[1 + pM{gx, gy, kt)] * M{fx, fy, kt) > p[M{gx, fx, kt) * M{gy, fy, kt) 
+M{gy, fx, kt) * M{gx, fy, kt)] + M{gx, gy, t) * M{gx, fx, t) * M{y, fy, t) 
*Migy, fx, at) * M{gx, fy, (2 - a)t) 
for all x,y E X and t > 0, where p > 0 and a G (0,2), then / and g have a unique 
common fixed point in X. 
Corollary 3.4.4,, [17] Let {X, M, *) be a complete fuzzy metric space with t*t>t 
for all t € [0,1] and let / be a self-map of X such that 
Mifx,fy,kt)>M{x,y,t) 
for all x,y E X, where k G (0,1). Then / has a unique fixed point in X. 
Remark 3.4.3. In Theorem 3.4.8 and Corollaries 3.4.1 - 3.4.4 the condition "the t-
norm * is continuous and t * t > ;t for all t € [0,1]" can be replaced by the condition 
"s * t = min{s, t} for all s, t G [0,1]". 
Corollaries 3.4.2 and 3.4.4 are applied to obtain a fixed point theorem in the product 
of fuzzy metric spaces. 
Theorem 3.4.9. Let {X, M, *) be a complete fuzzy metric space with t * t > f for all 
t G [0,1] and let f,g be two maps on the product X x X with values in X. If there 
exists a constant k G (0,1) such that 
[1 + pM{x, u, kt)] * M{f{x,y),g{u, v), u, kt) > p[M{f{x, y), x, kt) * M{g{u, v),u, kt) 
+M{f{x, y), u, kt) * M{g{u, v), x, kt)] + M{f{x, y), x, t) * M{g{u, v), u, t) * Mix, u, t) 
*M{y, v,t)* M{f{x,y),u,at) * M{g{u, v),x,{2- a)t) 
for all x,y,u,v G X and t > d, where p> 0 and a G (0,2), then there exists exactly 
one point w in X such that f{w,v)) = w = gyWyW). 
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In what follows, we discuss some fixed point theorems involving /^-weakly commuting 
as well as compatible pairs. Firstly, we discuss the following relevant definitions. 
Definition 3.4.4. Two self mappings / and g of a fuzzy metric space {X,M,*) are 
said to be weakly commuting iff M{fgx, gfx, t) > M{fx, gx, t) for all x G X and t > 0. 
The notion of weak commutativity is extended to i?-weak commutativity by Vasuki 
[100] as: 
Definition 3.4.5. The mappings / and ^ of a fuzzy metric space {X, M, *) into itself 
are i?-weakly commuting provided there exists some positive real number R such that 
for all X 6 X and t > 0, 
M{fgx,gfx,t)>M{fx,gx,t/R). 
Remark 3.4.4. Notice that weak commutativity implies i?-weak commutativity and 
the converse is true for i? < 1. 
Vasjuki [100] proved the following result, generalizing a result of Pant [75]. 
Theorem 3.4.10. Let {X, M, *) be a complete fuzzy metric space and let / and g be 
i?-weakly commuting self mappings of X satisfying the condition 
M{fxJy,t)>riMigx,gy,t)), 
where r : [0,1] —> [0,1] is a continuous function such that r(t) > t for each 0 <t < 1 
and r{t) = 1 for i = 1. The sequences {x„} and {y„} in X are such that x„ —> x, 
yn ~^ 2/) ^ > 0 implies M{xn,yn,t) —> M{x,y,t). If the range of g contains the range 
of / and either / or 5 is continuous, then / and g have a unique common fixed point. 
Som [96] obtained some common fixed point results on fuzzy metric spaces generalizing 
the earlier results of Pant [75], Vasuki [100] and Som [95] as follows: 
Theorem 3.4.11. Let S and T be two continuous self mappings of a complete fuzzy 
metric space {X, M, *). Let / be a self mapping of X satisfying the condition that the 
pairs (/ ,5) and (/,T) are i?-weakly commuting and f{X) C S{X) r\T{X), and 
M{fx, fy, t) > r[min{M(5x, Ty, t), M{Sx, fx,t), M{Sx, fy, t), M{Ty, fy, t)}], 
for all x,y e X, where r : [0,1] -> [0,1] is a continuous function such that 
r(t) > t for each t < 1 and r{t) == 1 for t = 1. 
The sequences {x„} and {(/„} in X are such that x„ -> x, y„ -> y, f > 0 impUes 
M{xn,yn,i) -^ M{x,y,t). Then / , S, T have a unique common fixed point in X. 
Taking T = 5 in the above theorem we get the following corollary, unifying Vasuki's 
[100] theorem 3.4.10, which in turn also generalizes the result of Pant [75]. 
Corollary 3.4.5. Let 5 be a continuous self mapping of a complete fuzzy metric space 
{X, M, *). Let / be a self mapping of X satisfying the condition that the pair {/, S} 
is i?-weakly commuting with f{X) C S{X), and 
M{fx, fy, t) > r[mm{MiSx, Sy, t), M{Sx, / x , t ) , M(Sx, fy, t), M{Sy, fy, t)}], 
for all x,y ^ X, where r : [0,1] —> [0,1] is a continuous function such that 
r{t) > t for each 0 < t < 1 and r{t) = 1 for ^ = 1. 
The sequences {a;„} and {?/„} in X are such that Xn —>• x, y„ ^ y, i > 0 implies 
M{xn,yn,t) -> M{x,y,t). Then / , and S have a unique common fixed point in X. 
Theorem 3.4.12. Let S and T be two continuous self mappings of a complete fuzzy 
metric space {X, M, *). Let / and g be two self mappings of X satisfying the condition 
that f{X)[Jg{X) C S{X)nT{X), {f,T} and {g,S} are iJ-weakly commuting pairs 
and 
aM{Tx, Sy, t) + bM{Tx, fx, t) + cM{Sy, gy, t) 
+max{M(/x, Sy, t), M{gy, Tx, t)} < qM{fx, gy, t), 
for all x,y e X, where a,6,c > 0, g > 0 with q < a + b + c+ 1. Then / , g, S and T 
have a unique common fixed point in X. 
Taking f = g in the above theorem one get the following corollary: 
Corollary 3.4.6. Let S and T be two continuous self mappings of a complete fuzzy 
metric space {X, M, *). Let / be a self mapping on X satisfying f{X) C S{X)r\T{X), 
the pairs (/, T) and (/, S) are i?-weakly commuting pairs and 
aM{Tx, Sy, t) + hM{Tx, fx, t) + cM{Sy, fy, t) 
+m&x{M{fx,Sy,t),M{fy,Tx,t)} < qM{fx,Ay,t), 
for all x,y € X, where a,b,c>{), q> 0 with q<a + b + c-]-l. Then / , S and T have 
a unique common fixed point in X. 
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Taking T — S one get another corollary of Theorem 3.4.12 as mentioned below: 
Corollary 3.4.7. Let T be a continuous self mapping of a complete fuzzy metric space 
{X, M, *). Let / and g be two self mappings of X satisfying f{X) Ug{X) C T{X), the 
pairs (/, T) and (g, T) are i?-weakly commuting pairs and 
aM{Tx, Ty, t) + bM{Tx, fx, t) + cM{Ty, gy, t) 
+max{M(/x, Ty, t), M{gy, Tx, t)} < qM{fx, gy, t), 
for all x,y £ X, where a,6,c > 0, g > 0 with q < a-\-b-\-c + l. Then / , g, and T have 
a unique common fixed point in X. 
3.5. Some Results via Implicit Relations 
In this section, we present a suitable implicit function (due to Imdad and AH [49]) in 
fuzzy metric spaces to prove our results. Let ^ denote the family of all continuous 
functions F : [0,1]^ -> E satisfying the following conditions: 
Fi : For every u > 0, i; > 0 with F{u, v, u,v) >0 or F{v; v, v, u) > 0, we have u> v. 
F2:F{u,u,l,l) < 0 , V w > 0 . 
Example 3.5.1. Define F : [0, l]"^  -^ E as 
F{ti,t2,U,U) = ti- 0(min{t2, ^3, ^4}), 
where 0 : [0,1] -^ [0,1] is continuous and (f){s) > .s for 0 < s < 1. 
Example 3.5.2. Define F : [0,1]^ -> K as 
F{ti,t2,ts,ti) = ti — amm{t2,h,t^}, where a > 1. 
Example 3.5.3. Define F : [0,1]^ -^ R as 
F{ti,t2,h,t4) = ti — at2 — min{t3,i4}, where a > 0. 
Example 3.5.4. Define F : [0,1]^ -)• E as 
F{ti,t2, ts, ti) = t-[- at2 - bti - cU, where a > 1, 6, c > 0 (7^  1). 
Example 3.5.5. Define F : [0,1]'' -> M as 
F{ti,t2M,U) =ti- at2 - 6(^ 3 + ^4), where a > 1, 6 > 0 {/ 1). 
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Example 3.5.6. Define F : [0,1]^ -> R as 
F{ti,t2,tz,U) = ti — at2ht4, where a > 1. 
Since verification of requirements {Fi and F2) for Examples 3.5.1-3.5.6 is straightfor-
ward, hence details are omitted. 
Now we present some results due to Imdad and Ali [49] as follows: 
Theorem 3.5.1. Let A,B,S and T be four self-mappings of a fuzzy metric space 
{X, M, *) satisfying the condition, 
F{M{Ax, By,t), M{Sx,Ty, t),M{Sx, Ax,t),M{By,Ty,t)) > 0 (3.5.1) 
for all distinct x,y e X and t > 0, where F G *. If A{X) C T{X) and B{X) C S{X) 
and one of A{X),B{X), S{X) or T{X) is a complete subspace of X, then 
(a) the pair {A, S) has a point of coincidence, and 
(b) the pair {B,T) has a point of coincidence. 
Moreover, if the pairs {A, S) and {B, T) are weakly compatible, then A, B, S and T 
have a unique common fixed point. 
Proof. Let XQ be an arbitrary point in X. Then following arguments of Fisher [33], 
one can construct sequences {x„} and {y„} in X such that 
'(/2n = Tx2n+\ = Axin and y2n+l = Sx2n-^2 = Bx^n^l-
The sequences {;c„} and {y„} in X are such that x„ —> x, y„ —^  y, t > 0 implies 
Now making use of (3.5.1), we have 
F{M{Ax2n, BX2n+ut), M{Sx2n, Tx2n+l,t), M{SX2n, AX2n, t), 
M{BX2n+l,TX2n+l,t))>0 
or F{M{y2n,y2n+l,t), M{y2n-l,y2n,t), M{y2n-l,y2n,t), M{y2n,y2n+l,t)) > 0. 
Hence in view of (Fi), we have 
M{y2n, y2n+ut) > M(y2n-1, 2/2n, t). (3.5.2) 
Thus {M(y2n,y2n+i,t),n > 0} is an increasing sequence of positive real numbers in [0, 
1] and therefore tends to a limit / < 1. We assert that ^ = 1. If not, (i.e. / < 1) then on 
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letting n -> CO in (3.5.2) one gets I > la contradiction. Hence / = 1. Therefore for every 
n G N, using analogous arguments one can also show that {M{y2n+i,y2n+2,i),''T' > 0} 
is a sequence of positive real numbers in [0,1] which converges to 1. Therefore for every 
neN 
M{yn,yn+i,t) > M{yn-i,yn,t) and lim M(y„,y„+i,i) = 1. 
Now for any positive integer p 
M{rjn, Vn+p, t) > M{yn, t/„+i, t/p) * . . . * M(yn+p-i, Vn+p, t/p). 
Since lim M{yn,yn+i,t) = 1 for i > 0, it follows that 
n—>oo 
lim M ( y „ , y ^ + p , t ) > l * l * . . . * l = l 
n—>oo 
which shows that {y„} is a Cauchy sequence in X. 
Now suppose that S(X) is a complete subspace of X, then the subsequence {y2n+i} 
must converge in S{X). Call this limit to be u and v G S~^u. Then Sv = u. As {y„} is 
a Cauchy sequence containing a convergent subsequence {y2n+i}, therefore the sequence 
{yn} also converges implying thereby the convergence of {y2n} being a subsequence of 
the convergent sequence {yn}- If Av ^ Sv, then on setting x — v and y = X2n+i in 
(3.5.1) one gets (for t > 0) 
F{M{Av,Bx2n+ut),M{Sv,Tx2n+ut),M{Sv, Av,t),M{Bx2n+uTx2n+ut)) > 0 
which on letting n -^ oo reduces to 
F{M{Av, u, t), M{Sv, w,t), M{Sv, Av, t), M{u, u,t)) > 0 
F{M{Av, Sv, t), 1, M{Sv, Av, t), 1) > 0 
yielding thereby, M{Av, Sv, i) > 1, a contradiction. Hence, Av = Sv which shows that 
the pair {A, S) has a point of coincidence. 
As A{X) C T{X),Av = u implies that u € T{X). Let w € T-\ then Tw = u. 
Suppose that Tw j^ Bw. Again using (3.5.1), we have 
F{M{Ax2n,Bw,t),M{Sx2n,Tw,t),MiSx2n,Ax2n,t),M{Bw,Tw,t)) > 0 
which on letting n —> oo reduces to 
F{M{Tw, Bw,t), 1,1, M{Tw, Bw,t)) > 0 
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implying thereby, M{Tw, Bw, t) > 1, a contradiction. Hence Tw = Bw. Thus we have 
u = Av =^ Sv — Bw = Tw which amounts to say that both the pairs have point of 
coincidence. If one assumes T{X) to be complete, then analogous arguments establish 
this claim. 
The remaining two cases pertain essentially to the previous cases. Indeed, if A{X) is 
complete then u G A{X) C T{X) and if B{X) is complete then u € B{X) C S{X). 
Thus (a) and (b) are completely established. 
Moreover, if the pairs {A, S) and {B, T) are weakly compatible at v and w respectively, 
then 
Au^A{Sv) = S{Av) = Su and Bu = B{Tw) = T{Bw) ^Tu. 
If Au ^ u, then for ^ > 0 
F{M{Au, Bw, t), M{Su,Tw, t), M{Su, Au, t), M{Bw, Tw, t)) > 0 
F[M{Au, u, t), M{Au, u,t),l,l)>0 
which contradicts (F2). Hence Au = u. Similarly one can show that Bu — u. Thus u is 
a common fixed point of A, B, S and T. The uniqueness of common fixed point follows 
easily. Also u remains the unique common fixed point of both the pairs separately. 
This completes the proof. 
By setting B = A and T = S, Imdad and Ah [49] get the following corollary for two 
maps. 
Corollary 3.5.1. Let A and S be two self-mappings of a fuzzy metric space {X, M, *) 
satisfying the condition: 
F{M{Ax, Ay, t), M{Sx, Sy, t), M{Sx, Ax, t), M{Ay, Sy, t)) > 0 (3.5.3) 
for all x,yeX &ndt>0, where F € * . If A{X) C S{X) and one of A{X) and S{X) 
is complete subspace of X, then 
(c) the pair {A, S) has a point of coincidence. 
Moreover, if the pair {A, S) is weakly compatible, then A and S have a unique common 
fixed point. 
Corollary 3.5.2. The conclusions of Theorem 3.5.1 remain true if for all distinct 
x,y e X implicit relation (3.5.1) is replaced by one of the following: 
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(ai) M{Ax, By, t) > 0(rain{M(5x,Ty,t), M{Sx, Ax, t), M{By,Ty,t)}), 
where (j): [0,1] —)• [0,1] is continuous and (j){s) > s for all 0 < s < 1. 
(az) M{Ax,By,t) > amm{M{Sx,Ty,t),M(Sx,Ax,t),M{By,Ty,t)}, a>l. 
(aa) AI{Ax, By, t) > aM(Sx, Ty, t) + min{M(5.T, Ax, t), M{By, Ty, t)}, a > 0. 
(04) M{Ax, By, t) > aM{Sx, Ty, t) + bM{Sx, Ax, t) + cM{By, Ty, t) 
where a > 1 and 6, c > 0 (7^  1). 
(as) M{Ax, By, t) > aM{Sx, Ty, t) + b[M{Sx, Ax, t) + M{By, Ty, t)] 
where a > 1 and h>^{^ 1). 
(ae) M^{Ax, By, t) > aM{Sx, Ty, t)M{Sx, Ax, t){By, Ty, t), where a > 1. 
Proof. The proof of the corollaries corresponding to contraction conditions ai-ag 
follows from Theorem 3.5.1 and Examples 3.5.1-3.5.6. 
Remark 3.5.1. Corollary corresponding to contraction condition (ai) is a result due 
to Imdad and Ah [48] and generahzed form of results contained in [18, 94, 100]. We 
also point out that some of above corollaries are new to the literature (e.g. corollaries 
corresponding to a2-aQ). 
Theorem 3.5.2. Theorem 3.5.1 remains true if 'weak compatibility' property is re-
placed by any one of the following (retaining the rest of the hypotheses): 
(i) i?-weakly commuting property, 
(ii) i?-weakly commuting property of type (Af), 
(iii) i2-weakly commuting property of type (Ag), 
(iv) i?-weakly commuting property of type (P), 
(v) weakly commuting property. 
As an apphcation of Theorem 3.5.1, Imdad and Ah [49] proved a common fixed point 
theorem for four finite families of mappings which runs as follows: 
Theorem 3.5.3. Let {Ai, As,.. . ,A^},{Si,B2,. •• ,-Bn},{5i,52,.. . , 5 J and (Ti.Ts, 
. . . , Tq} be four finite families of self-mappings of a fuzzy metric space {X, M, *) such 
that A = A1A2... A^, B = BiB2...Bn, 5 = 5i 52. ..5p and T = TiTa. . .T, satisfy 
condition (3.5.1) with A(X) C T{X) and B{X) C S{X). If one oi A{X),B{X),S{X) 
or T{X) is a complete subspace of X, then 
(d) A and S have a point of coincidence, 
(e) B and T have a point of coincidence. 
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Moreover, if AiAj = AjAi, BkBi = BiBk, SrSs = SgSr, TtTu = T^Tt, AiSr = SrAi 
and BkTt = TtBk for all i,j € /i = (1 ,2 , . . . ,m} , A;,/ e /2 = {1 ,2 , . . . ,n} , r,seh=^ 
{1,2,.. . ,p} and t^u ^ U — {1,2,... ,g}, then (for all i e Ii,k e l2,r e h and t 6 h) 
Ai,Sr, Bk and Tt have a common fixed point. 
Proof. The proof follows from Theorem .3.3 of Imdad and AU [48]. 
Corollary 3.5.3. Let A,B,S and T be four self-mappings of a fuzzy metric space 
(X, M, *) such that A"", B", S^ and T^ satisfy the condition (3.5.1). If one of A'"(X), 
B"(X), SP{X) or r9(X) is a complete subspace of X, then A,B,S and T have a 
unique common fixed point provided [A, S) and {B, T) commute. 
The following example furnishes an instance where Corollary 3.5.3 (fli) is applicable 
but Theorem 3.5.7 (also the corresponding theorem of Chugh and Kumar [18]) cannot 
be used due to the absence of continuity requirement. 
Example 3.5.7. Consider X = [0,1] equipped with the natural metric d{x, y) = \x-y\. 
Now for t G [0, oo) we define, 
{ 0, if i = 0 and X, y G X 
H F ^ ' i f t > O a n d x , y e X 
Clearly {X, M, *) is a fuzzy metric on X where * is defined as a*b = ab. 
Define A, B, S and T on [0, 1] as 
1, if x 6 [ 0 , l ] n Q ( 1, if x € [ 0 , l ] n Q 
Ax= ( Bx=l 
0, ifx^[o,i]nQ, [ i, ifx^[o,i]nQ, | , if 0 < x < 1 r J, if 0 < X < 1 
Sx = ( and Tx = < 
1, if X = 1, [ 1, if X = 1. 
Then A\X) = {1} C {\, 1} = T\X) and B^{X) = {1} C {|, 1} = S^iX). Define 
(j): [0,1] -^ [0,1] as 0(0) = 0, <^ (1) = 1 and V(s) = N/S for all s G (0,1). Then 
1 = MiA^x, B\ t) > (j){mm{M{S\ T^y, t), M{S^x, A\ t), M{B\ T\ t)}) 
for a\\ t > 0. Also the various componentwise commutativity conditions ensure the 
commutativity of the both pairs {A,S) and {B,T). Thus all the conditions of the 
Corollary 3.5.3 are satisfied and 1 is the common fixed point of A, B, S and T. 
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Here one needs to note that Theorem 3.5.1 (also the corresponding theorem of Chugh 
and Kumar [18]) cannot be used in the context of this example because if we take 
x,y ^ Q, then 
r = M(Ax, By, t) > (j) I min < r, r, r \ ) 
which is not alv/ays true for t > 0 (e.^. t = 0.5). On the other hand all the four 
mappings are discontinuous which is not in lieu of the requirements of the Theorem 
3.5.1 (also the corresponding theorem of Chugh and Kumar [18]). 
We present an example to create a situation which demonstrates the utiUty of Theorem 
3.5.3. 
Example 3.5.8. Consider (X, M, *) as in Example 3.5.1. Define four finite families 
of maps as 
1, \ixe[0,i]r]Q ( I, iixe [0,i]nQ 
A X = ( B X — I 
^, i fx^ [o , i ]nQ, " \ ^ , i f x ^ [ 0 , i ] n Q , 
1, if x e [ o , i ] n Q r 1, if x e [ 0 , i ] n Q 
SnX = { and r„x = < 
^, i f x ^ [ o , i ] n Q [ ^, i f x^ [o , i ]nQ , 
where n = 1,2,..., 100. 
Evidently A{X) = A1A2... AwoiX) = T1T2... Tm{X) = T{X) and B{X) = B1B2... 
Bwo(X) = S1S2... SwoiX) = S{X). Define 0 : [0,1] -)> [0,1] as in Example 3.5.7. 
Considering the same implicit function as in Example 3.5.7, by routine calculations 
one can easily verify that the condition (3.5.1) is satisfied for all distinct x,y G [0,1]. 
Also the various componentwise commutativity ensure the commutativity of both the 
pairs {A,S) and (B,T). Thus all the conditions of Theorem 3.5.3 are satisfied and 1 
is the common fixed point of A, B, S and T. Notice that every member map of all the 
four families is discontinuous. 
In 2010, Sajath and Vijayaraju [88] extended the concept of E.A property [1] to fuzzy 
metric space and obtained common fixed point theorems for a pair of self mappings 
under sufficient contractive type conditions. 
In what follows, {X, M, *) will denote the KM-fuzzy metric space with the following 
condition: 
lim M{x,y,t) = l for all x,y e X and t > 0. 
t—»00 
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Definition 3.5.1, Let / and g be two self mappings of a fuzzy metric space (X, M, *). 
We say that / and g satisfy E.A property, if there exists a sequence {x„} such that 
hm fxn= hm gXn = Xoior some XQ E X;i.e lim M{fXn,xo,t) — Hm M(px„,xo,t) 
n—>oo n—>oo n—>oo n—>oo 
= 1 for a lHe [0,00). 
Example 3.5.9. Let X = [0,oo). Let M{x,y,t) = j^—-^- Define f,g : X ^ [0,oo) 
by fx = x/5 and gx = 2a;/5 for all x & X. Then lim /x„ = lim 5rx„ = 0 where 
n->oo n—>oo 
x„ = 1/n. 
Theorem 3.5.4. Let / and g be two weakly compatible self mappings of a fuzzy 
metric space {X, M, *) with t*t>t such that 
(i) the pair (/, g) satisfy the E.A property, 
(ii) for every x^y E X, t > 0 and for 0 < g < 1 
M{fx, fy, qt) > mm{M{gx,gy, t), [M{fx,gx, t) * M{fy,gy, t)], [M{fy, gx,t)* 
M{fx,gy,t)]}, 
(in) f{X) C g{X) and 
(iv) f{X) or g{X) is complete subspace of X. 
Then / and g have a unique common fixed point. 
Corollary 3.5.4. Let / and g be two non-compatible weakly compatible self mappings 
of a fuzzy metric space {X, M, *) with t*t>t such that 
(i) M{fx, fy, qt) > mm{Migx, gy, t), [M{fx, gx, t) * M(/y, gy, t)], [M{fy, gx, t)*, 
M{fx,gy,t)]} 
{ii}f{X)Cg{X). 
If f{X) or g{X) is complete subspace of X, then /, g have unique common fixed point. 
Theorem 3.5.5. Let / and g be two weakly compatible self mappings of a fuzzy 
metric space (X, M, *) with t*t >t such that 
(i) the pair (/, g) satisfy the E.A property, 
(ii) For every x ^y E X and for t > 0, 
MUx, fy, qt) > mm{M{gx, gy, t), [M{fx, gx, t) + M{fy, gy, t)]/2, [M{fx, gy, t)+ 
M{fy,gx,t)]/2}, 
(iii) f{X) C g{X), 
(iv) f{X) or g{X) is complete subspace of X. 
Then / and g have a unique common fixed point. 
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Corollary 3.5.5. Let / and g be two non-compatible weakly compatible self mappings 
of a fuzzy metric space (X, M, *) such that 
(i) M{fxjy,qt) > min{M{gx,gy,t),[Mifx,gx,t) + M{fy,gy,t)]/2,[M{fx,gy,t) + 
M{fy,gx,t)]/2}, 
(ii) fix) C g{X) and 
(iii) g{X) or J[X) is a complete subspace of X. 
Then / and g have a unique common fixed point. 
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C H A P T E R I V 
I N T U I T I O N I S T I C F U Z Z Y M E T R I C S P A C E S 
4 . 1 . I n t r o d u c t i o n 
In an attempt to generalize the notion of fuzzy sets, Atanassov [5] introduced the 
notion of intuitionistic fuzzy sets which was subsequently extensively developed by 
many authors (e.g. Coker [20], Atanassov ([6, 7])). Intuitionistic fuzzy sets can be 
utilized in concrete specific consideration as an adequate tool to represent hesitancy 
concerning both membership and non-membership of an element to a set. To be more 
precise, a basic tissumption of fuzzy set theory assumes that if we specify the degree of 
membership of an element in a fuzzy set as a real number from [0,1], say p, then the 
degree of non-membership is automatically determined as 1 — p, need not be reahstic in 
the context of intuitionistic fuzzy sets. In intuitionistic fuzzy set theory it is assumed 
that non-membership should not be more than 1 - p. 
As opposed to a fuzzy set in X, given by 
A! = {{x,iiA{x)) : x^X] 
where /i^' : X -¥ [0,1] is the membership function of the set A!, an intuitionistic fuzzy 
set A is given by 
A = {{X,IIA[X),UA{X)) •• xeX} 
where fiA '• ^ -> [0,1] and VA '• X ^ [0,1] such that 0 < //^(a;) + ^A{X) < 1 and 
HA{X),UA{X) £ [0,1] denote the degree of membership and degree of non-membership 
of x € v4, respectively. Obviously, each fuzzy set can be realized as an intuitionistic 
fuzzy set in the following manner: 
A={{x,iiA'{i,),l~iiA'{x)) : x^X). 
In 2004, Park [78] introduced and discussed a related notion of intuitionistic fuzzy 
metric spaces which is designed employing the idea of intuitionistic fuzzy sets due to 
Atanassov [5] and the concept of GV-fuzzy metric spaces. Truly speaking. Park's notion 
is useful in modeling some phenomena wherein it is necessary to study relationship 
betv/een two probability functions. 
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In 2006, Alaca et al. [3] using the idea of intuitionistic fuzzy sets, redefined the no-
tion of intuitionistic fuzzy metric spaces (as defined by Park [78]) with the help of 
continuous i-norms and continuous ^conorms as a generahzation of KM-fuzzy metric 
spaces. Further, they introduced the notion of Cauchy sequences in intuitionistic fuzzy 
metric spaces and extended the well known fixed point theorems of Banach [9] and 
Edelstein [24] to intuitionistic fuzzy metric spaces following the idea of Grabiec [38]. 
Turkoglu et al. [98] obtained generalization of Jungck's common fixed point theorem 
[51] to intuitionistic fuzzy metric spaces. They first formulated the definition of weakly 
commuting and i?-weakly commuting mappings in intuitionistic fuzzy metric spaces 
and also proved the intuitionistic fuzzy version of the main theorem contained in Pant 
[75]. 
4.2. Intuitionistic Fuzzy Metric Spaces 
In 2004, Park [78] introduced the notion of intuitionistic fuzzy metric spaces with the 
help of continuous ^-norms and continuous i-conorms as a generalization of GV-fuzzy 
metric spaces. This definition is as follows: 
Definition 4.2.1. [78] A 5-tuple {X,M,N,*,'0') is said to be an intuitionistic fuzzy 
metric space if X is an arbitrary set, * is a continuous t-norm, <> is a continuous t-
conorm and M, A^  are fuzzy sets on X^ x (0, oo) satisfying the following conditions: for 
all x,y,z E X and s,t > 0, 
{i)M{x,y,t) + N{x,y,t)<l, 
{n)M{x,y,t)>0, 
(in) M{x, y, t) = 1 if and only if x = y, 
{iv) M{x,y,t) = Miy,x,t), 
(v) M{x, y, t) * M{y, z, s) < M{x, z, t + s), 
(vi) M{x,y,.) : (0, oo) -)- (0,1] is continuous, 
(vii)iV(x,y,i)>0, 
(viii) N{x, y,t) = 0 if and only if x = y, 
{i:<.)N{x,y,t) = N{y,x,t), 
(x) N{x, y, t)<>N{y, z, s) > N{x, z, t + s), 
(xi) N{x, y,.) : (0, cx)) -)• (0,1] is continuous. 
Then (M, A'^ ) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t) and 
N{x, y,t) denotes the degree of nearness and degree of non-nearness between x and y 
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with respect to t, respectively. 
Remark 4.2,1. Every fuzzy metric space {X,M,*) is an intuitionistic fuzzy metric 
space of the form {X, M, 1 — M, *, 0) such that t-norm * and t-conorm (} are associated 
[65], i.e., xOy = 1 — {{I — x) * {I - y)) for any x,y e X. 
Remark 4.2.2. In intuitionistic fuzzy metric space X, M(x,y,.) is non decreasing 
and N{x,y,.) is non increasing for all x,y E X. 
Elxample 4.2.1. Let {X,d) be a metric space. Denote a * b — ab and a<0>6 =min 
{1, a + b} for all a, 6 € [0,1] and let Md and Nd be fuzzy sets on X'^ x (0, oo) defined 
as follows: 
Mdix, y, t) = - — — -, Nd{x, y, t) - ^ ' "^ 
ht"' + md{x,y)^ ' ' kf^ + md{x,y) 
for all h,k,m,n G M''". Then (X, M^, A^ d, *, {>) is an intuitionistic fuzzy metric space 
called induced intuitionistic fuzzy metric space. 
Remark 4.2.3. Note that the above example holds even with the t-norm a * 6 =min 
{(2, b} and the t-conorm a(}b =max {a, b} and hence (M, N) is an intuitionistic fuzzy 
metric with respect to any continuous t-norm and t-conorm. In the above example by 
taking /i = A; = m = n = 1, we get 
Md(x,y,t) = — - ^ ^, Nd{x,y,t) = "'^^'^^ 
t + d{x,y)' ' ' t + d{x,y)' 
We call this intuitionistic fuzzy metric induced by a metric d the standard intuitionistic 
fuzzy metric. 
Example 4.2.2. Let X = N. Define a*b =max {0,a + 6 - 1} and o<)6 = a + b - ab 
fox all a,b E [0,1] and let M and A^  be fuzzy sets on X"^ x (0, oo) as follows: 
M{x,y,t) 
N{x,y,t) 
x/y if x<y, 
y/x if y <x, 
'-f ifx<y, 
X 
i(y<x, 
for all x,y E X and t > 0. Then {X,M,N,*,()) is an intuitionistic fuzzy metric space. 
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Reiricirk 4.2.4. Note that, in the above example, ^-norm * and i-conorm •(> are not 
associated and there exists no metric d on X satisfying 
M{x,y,t) = ] N{x,y,t) = - ^ ^ ^ 
t + a[x,y) t + d{x,y) 
where M{x,y,t) and N{x,y,t) are as defined in the above example. Also note that 
the above functions (M, N) is not an intuitionistic fuzzy metric with the i-norm and 
i-conorm defined as a * 6 =min {a, b} and a(}b =max{a, b}. 
Definition 4.2.2. [3] A 5-tuple (X, M, AT, *,<>) is said to be an intuitionistic fuzzy 
metric space if X is an arbitrary set, * is a continuous t-norm, <) is a continuous i-
conorm and Af, N are fuzzy sets on X'^ x [0, oo) satisfying the following conditions: 
{i)M{x,y,t) + N{x,y,t)<l, 
(ii)M(x,2/,0) = 0, 
(iii) M{x, y,t) = 1 if and only if a; = y, 
{w)M{x,y,t) = M{y,x,t), 
(v) M{x, y, t) * M(y, z, s) < M(x, z, t + s), 
(vi) M{x,y,.) : [0, oo) -> [0,1] is left continuous, 
(vii) lim M(x,y,t) = 1, 
t—>oo 
(viii)iV(x,y,0) = l, 
(ix) N{x, y,t) = 0 if and only if x = y, 
ix)N{x,y,t) = N{y,x,t), 
(xi)iV(x,y,t)<>N{y,z,s) > N{x,z,t + s), 
{xn)N{x,y,.) : [0, oo) —>• [0,1] is right continuous, 
(xiii) lim N{x,y,t) = 0, 
for all x,y,z € X and s,t > Q. Then (M, A'') is called an intuitionistic fuzzy metric 
on X. The functions M(.x, y, t) and N{x, y, t) denotes the degree of nearness and the 
degree of non-nearness between x and y with respect to t, respectively. 
Remark 4.2.5. Since * and •(> are continuous, the limit is uniquely determined from 
(v) and (xi), respectively. 
4.3. Some Core Results 
Park [78] defined a Hausdorff topology on intuitionistic fuzzy metric space and proved 
that every metric induces an intuitionistic fuzzy metric. Further they introduced the 
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notion of Cauchy sequences in an intuitionistic fuzzy metric space and proved the 
Baire's theorem [72] for intuitionistic fuzzy metric space. They also gave a necessary 
and sufficient condition for an intuitionistic fuzzy metric space to be complete and 
proved that every separable intuitionistic fuzzy metric space is second countable and 
that every subspace of an intuitionistic fuzzy metric space is separable and proved the 
uniform limit theorem [70] for intuitionistic fuzzy metric spaces. 
Now, we present some preliminary definitions and results especially in respect of in-
tuitionistic fuzzy metric spaces (in the sense of Park [78]) needed in our subsequent 
discussion. 
Definition 4.3.1. Let {X, M, A'', *, <)) be an intuitionistic fuzzy metric space. Let r € 
(0,1), t > 0 and X e X. The set B{x,r,t) = {y e X : M{x,y,t) > 1-r, N{x,y,t) <r} 
is called an open ball with center x and radius r.with respect to t. 
Theorem 4.3.1. Every open ball B{x,r,t) is an open set. 
Remark 4.3.1. Let {X,M,N,*,^) be an intuitionistic fuzzy metric space. Define 
T(M,N) = {A C X : ioT each x e A, there exists t > Q and r € (0,1) such that 
B(x,r,t) C A}. Then T(^M,N) is a topology on X, (induced by the intuitionistic fuzzy 
metric {M,N)). 
BLemark 4.3.2. (1) From Theorem 4.3.1 and Remark 4.3.1, every intuitionistic fuzzy 
metric (M, A^ ) on X generates a topology T(^M,N) on X which has as a base the family 
of open sets of the form {B{x, r,t) : x G X, r 6 (0,1), t > 0}. 
(2) Since {B{x, 1/n, \/n) : n = 1,2,...} is a local base at x, the topology T(^M,N) is 
first countable. 
Theorem 4.3.2. Every intuitionistic fuzzy metric space is Hausdorff. 
Remark 4.3.3. Let {X, d) be a metric space. Let 
be the intuitionistic fuzzy metric defined on X. Then the topology r^ induced by the 
metric d and the topology T(^M,N) induced by the intuitionistic fuzzy metric [M, N) are 
the same. 
Definition 4.3.2. Let {X,M,N, *,()>) be an intuitionistic fuzzy metric space. A 
suDset A of X is said to be /F-bounded if there exist t > 0 and r € (0,1) such that 
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M{x, y,t) > l~r and N{x, y,t) <r for all x,y e A. 
Remark 4.3.4. Let {X, M, N, *, <)) be an intuitionistic fuzzy metric space induced by 
a metric d on X. Then A C X is /F-bounded if and only if it is bounded. 
Theorem 4.3.3. Every compact subset A of an intuitionistic fuzzy metric space 
{X, M, N, *, 0) is /F-bounded. 
From Remark 4.3.4 and Theorems 4.3.2 and 4.3.3, Park [78] gave the following: 
Remark 4.3.5. In an intuitionistic fuzzy metric space every compact set is closed and 
bounded. 
Theorem 4.3.4. Let {X, M, N, *, <)) be an intuitionistic fuzzy metric space and T(^M,N) 
be the topology on X induced by the fuzzy metric. Then for a sequence {xn} in 
X, Xn —>• X if and only if M{xn, x, t) —)• 1 and N{xn, x,t) -^ 0 as n ^ oo. 
Definition 4.3.3. Let {X,M,N,*,(}) be an intuitionistic fuzzy metric space. Then 
(i) A sequence {xn} in X is said to be Cauchy if for each e > 0 and each t > 0, there 
exists no G N such that M{xn, Xm, t)> 1 — c and N{xn, Xm, t) < e for all n,m> UQ. 
(ii) {X, M, A'', *, 0) is called complete if every Cauchy sequence is convergent with 
respect to T(^M,N)-
Theorem 4.3.5. Let (X, M, iV, *, <(>) be an intuitionistic fuzzy metric space such that 
CA^ ery Cauchy sequence in X has a convergent subsequence. Then (X, M, AT, *,0) is 
complete. 
Theorem 4.3.6. Let {X,M,N,*,(}) be an intuitionistic fuzzy metric space and 
let yl be a subset of X with the subspace intuitionistic fuzzy metric {MA,NA) = 
(M/^ 2x(o,oo), N/A'2x{o,oo))- Then {A, MA, NA, *, <C>) is complete if and only if/I is a closed 
subset of X. 
Lemma 4.3.1. Let {X, M, N, *, <^ ) be an intuitionistic fuzzy metric space. If it > 0 and 
r,se (0,1) such that ( l - s )*{l -s ) > (1-r) and s<>s < r, then B{x,s,1/2) C B{x, r, t). 
Theorem 4.3.7. A subset A of an intuitionistic fuzzy metric space {X,M,N,*,^) 
is nowhere dense if and only if every nonempty open set in X contains an open ball 
whose closure is disjoint from A. 
Theorem 4.3.8. [78] Let {f/„ : n G N} be a sequence of dense open subsets of 
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complete intuitionistic fuzzy metric space {X, M, N, *, < )^. Then f] Un is also dense in 
neN 
X. 
Remark 4,3.6. Since any complete intuitionistic fuzzy metric space cannot be repre-
sented as the union of a sequence of nowhere dense sets, it is not of the first category. 
Hence every complete intuitionistic fuzzy metric space is of the second category. 
Remzirk 4.3.7. Since every metric induces an intuitionistic fuzzy metric and intu-
itionistic fuzzy metric is a generalization of fuzzy metric, Baire's theorem for complete 
metric space [72] and Baire's theorem for complete fuzzy metric space [35] are particular 
cases of the Baire's theorem for complete intuitionistic fuzzy metric space. 
Definition 4.3.4. Let (X, M, A'', *,C*) be an intuitionistic fuzzy metric space. A 
collection {-P,i}ngN is said to have intuitionistic fuzzy diameter zero if for each r G (0,1) 
and each i > 0, there exists no € N such that M(x, y, t) > 1 — r and N{x, y,t) <r for 
allx,y G Fno-
Remark 4.3.8. A nonempty subset F of an intuitionistic fuzzy metric space X has 
intuitionistic fuzzy diameter zero if and only if F is a singleton set. 
Theorem 4.3.9. An intuitionistic fuzzy metric space (X, M, iV, *,<)) is complete if 
and only if every nested sequence {Fji}„eN of nonempty closed sets with intuitionistic 
fuzzy diameter zero have nonempty intersection. 
Note that the topologies induced by the standard intuitionistic fuzzy metric and the 
corresponding metric are the same. So we present the following(due to Park [78]): 
Corollary 4.3.1. A metric space {X,d) is complete if and only if every nested se-
quence {F„}„eN of nonempty closed sets with diameter tending to zero have nonempty 
intersection. 
Theorem 4.3.10. Every separable intuitionistic fuzzy metric space is second count-
able. 
Rlemark 4.3.9. Since second countability is hereditary property and second count-
abihty implies separability, we obtain the following: Every subspace of a separable 
intuitionistic fuzzy metric space is separable. 
Definition 4.3.5. Let X be any nonempty set and {Y, M, N, *, <)) be an intuitionistic 
fuzzy metric space. Then a sequence {/„} of functions from X to 7 is said to converge 
uniformly to a function / from X toY ii given t > 0 and r G (0,1), there exists no G N 
such that M{fn{x), f(x), t) > 1 - r and N{f„{x), f(x), t) < r for all n > no and for ah 
X E X. 
Theorem 4.3.11. [78] Let /„ : X —)• F be a sequence of continuous functions from 
a topological space X to an intuitionistic fuzzy metric space (Y, M,N, *,<(}). If {/„} 
converges uniformly to / : X -^Y, then / is continuous. 
In 2006, Saadati and Park [87] defined precompact set in intuitionistic fuzzy metric 
spaces and proved that any subset of an intuitionistic fuzzy metric space is compact 
if and only if it is precompact and complete. Also they defined topologically complete 
intuitionistic fuzzy metrizable spaces and proved that any Gs set [61] in a complete in-
tuitionistic fuzzy metric space is a topologically complete intuitionistic fuzzy metrizable 
space and vice-versa. 
Definition 4.3.6. Let {X,M,N,*,(}) be an intuitionistic fuzzy metric space and 
A C X. We say A is precompact if for each 0 < r < 1 and t > 0 there exists a finite 
subset S of A such that ^ C IJ B{x,r,t). 
xes 
Lemma 4.3.2. Let {X, M, N, *, <)) be an intuitionistic fuzzy metric space and A C X. 
Then A is precompact set if and only if for every 0 < r < 1 and t > 0, there exists a 
finite subset S of X such that AC \J B{x,r,t). 
x&S 
Lemma 4.3.3. Let {X, M, N, *, 0) be an intuitionistic fuzzy metric space and A C X. 
If A is a precompact set then so is its closure A. 
Theorem 4.3.12. Let (X,M,N,*,(}) be an intuitionistic fuzzy metric space and 
A C X. Then A is a precompact set if and only if every sequence has a Cauchy 
subsequence. 
Lemma 4.3.4. Let {X, M, N, *, 0) be an intuitionistic fuzzy metric space. If a Cauchy 
sequence clusters to a point x G X, then the sequence converges to x. 
Lemma 4.3.5. Let {X, M, N, *, 0) be an intuitionistic fuzzy metric space. Then 
{X,TiM,N)) is metrizable topological space. 
Corollary 4.3.2. A subset A of an intuitionistic fuzzy metric space {X, M, N, *, <)) is 
compact if and only if it is precompact and complete. 
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Lemma 4.3.6. Let {X, M, N, *, <)) be an intuitionistic fuzzy metric space and let 
A, 7] 6 (0,1) such that X + rj < 1. Then there exists an intuitionistic fuzzy metric {m, n) 
on X such that m(.x,y,t) > X and n(x,y,t) <rj for each x,y e X and t > 0, (m,n) 
and (M, A'') induce the same topology on X. 
The intuitionistic fuzzy metric {m,n) in above lemma is said to be bounded by (A, 77). 
Definition 4.3.7. Let {X,M,N,*,'0') be an intuitionistic fuzzy metric space, x E X 
and (j)y^ACX.We define 
L»(2; ,At)=sup{M(x,y, t) :yGA} (t > 0) 
C{x,A,t) = mf{N{x,Y,t) : y G A} (t > 0). 
Note that D{x, A, t) and C(x, A, t) are degree of closeness and degree of non-closeness 
of X to A at t, respectively. 
Definition 4.3.8. A topological space is called a topologically complete intuitionistic 
fuzzy metrizable space if there exists a complete intuitionistic fuzzy metric inducing 
the given topology on it. 
Example 4.3.1. Let X = (0,1]. The intuitionistic fuzzy metric space {X, M, A^,min,max) 
where 
M{x,y,t) = ---^ :, Nix,y,t) '^ ~ ^' 
t+\x ~y\ t + \x — y\ 
is not complete, because the Cauchy sequence {l/n} in this space is not convergent. 
Now consider the 5-tuple (X, ?n,n,min,max), where 
m[x,y,t) = • •—— —pr and n[x,y,t) 
t +\x — y\ + \l/x — l/y\ ' ' t+\x — y\ + \l/x-l/y\ 
Then (X, m, n,min,max) is an intuitionistic fuzzy metric space which is complete. 
Since Xn tends to x with respect to intuitionistic fuzzy metric {M,N), if and only 
if \xn ~ x\ -¥ 0, if and only if Xn tends to x with respect to intuitionistic fuzzy metric 
(771,71), hence (M,N) and (m,n) are equivalent intuitionistic fuzzy metrics. There-
fore the intuitionistic fuzzy metric space {X, M, A^,min,max) is topologically complete 
intuitionistic fuzzy metrizable. 
Lemma 4.3.7. Intuitionistic fuzzy metrizability is preserved under countable Carte-
sian product. 
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Theorem 4.3.13. An open subspace of a complete intuitionistic fuzzy metrizable 
space is a topologically complete intuitionistic fuzzy metrizable space. 
Corollary 4.3.3. A G^ set in a complete intuitionistic fuzzy metric space is a topo-
logically complete intuitionistic fuzzy metrizable space. 
Theorem 4.3.14. Let {Y,M,N, *,<!}) be an intuitionistic fuzzy metric space and X 
be a topologically complete intuitionistic fuzzy metrizable subspace of Y. Then X is a 
Gs subset of Y. 
In 2006, Gregori et al. [42] proved that the topology generated by the intuitionistic 
fuzzy metric defined by Park [78] coincides with the topology generated by the fuzzy 
metric and hence, the study of intuitionistic fuzzy metric spaces defined by Park [78] 
reduces to the study of the fuzzy metric spaces. So some properties of intuitionistic 
fuzzy metric spaces defined by Park [78] follow directly from well-known theorems in 
fuzzy metric spaces. 
Theorem 4.3.15. Let (X, M, A^ , *,<)) be an intuitionistic fuzzy metric space. Then 
for each x e X, r G (0,1), t > 0 we have B{x, r, t) = BM{X, r, t). 
From Theorem 4.3.15, Gregori et al. [42] deduce the following: 
Theorem 4.3.16. Let (X, M, A', *,<0>) be an intuitionistic fuzzy metric space. Then 
the topologies TI^M,N) and TM coincide on X. 
By Theorems 4.3.15 and 4.3.16, Gregori et al. [42] has the following improvement of 
Theorem 4.3.2. 
Corollary 4.3.4. Let (X, M, A", *,<0>) be an intuitionistic fuzzy metric space. Then 
{X,T{^M,N)) is a metrizable topological space. 
R^emark 4.3.10. It follows from Theorem 4.3.16 above that Theorems 4.3.3, 4.3.4, 
4.3.8, 4.3.9, 4.3.10, 4.3.11 are obvious consequence of Theorems 2.6.5, 2.6.6, 2.6.7, 2.6.9, 
2.6.10, 2.6.12, respectively. For instance if (X, M, A", *,<)) is a separable intuitionistic 
fuzzy metric space, then by Theorem 2.6.10 and Theorem 4.3.16, {X,TM) is second 
countable, which proves Theorem 4.3.10. 
Theorem 4.3.17. Let (X, M, A', *,<)) be an intuitionistic fuzzy metric space. Then 
the pair (Mjv,*) is a fuzzy metric on X where Mjv is defined on X x X x (0,oo) 
by Mf^{x,y,t) = 1 — N{x,y,t) and * is the continuous t-norm defined by a * 5 = 
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I - [{I - a)0{l - b)]. 
4.4. On Completion 
In this section, for a given metric space {X, d) we shall denote by (X, d) the (metric) 
completion of {X, d). In a first attempt to obtain a satisfactory notion of intuitionistic 
fuzzy metric completion we start by analyzing the relationship between the standard 
intuitionistic fuzzy metrics of d and d, respectively. 
In 2006, Alaca et al. [2] defined the completions of intuitionistic fuzzy metric spaces 
(in the sense of Park [78]) as follows: 
Example 4.4.1. Let {X,d) be a metric space and let / be an isometry from {X,d) 
onto a dense subspace of (X,d). The standard intuitionistic fuzzy metric {M~\,N-\) of 
d is given by 
M (^x,y,t) ^ — ^ iV (^x,y,t) = - ^ p L , 
a t + d(x,y) a t + d(x,y) 
for all X, y G X and t > 0 where a*6 =min{a, h] and a()h =max{a, h] for all a, 6 G [0,1]. 
Hence, we have Md{x,y,t) = M^if{x)J{y),t) and Ndix,y,t) = N^{f{x)Jiy),t) for 
all x,y E X and t > 0. 
Definition 4.4.1. Let {X, M, N, *, 0) and (y, M', A '^, *', 0') be two intuitionistic fuzzy 
metric spaces. A mapping / from X to F is called an isometry if for each x,y E X 
and t > 0, M(x, y, t) = M'{f{x), f{y), t) and N{x, y, t) = N'{f{x), f{y), t). 
Definition 4.4.2. Let {X, M, N, *, 0) and {Y, M', N', *', <>') be two intuitionistic fuzzy 
metric spaces. Then X and Y are called isometric if there is an isometry from X to Y. 
Definition 4.4.3. Let {X,M,N,*,{)) be an intuitionistic fuzzy metric space. An 
intuitionistic fuzzy metric completion of {X,M,N,*,(}) is a complete intuitionistic 
fuzzy metric space (Y, M', N', *'<)') such that (X, M, N, *, <C>) is isometric to a dense 
subspace of Y. 
Alaca et al. [2] gave the following example to prove that there exists an intuitionistic 
fuzzy metric space that does not admit an intuitionistic fuzzy metric completion in the 
sense of definition 4.4.3. 
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Example 4.4.2. Denote by * the continuous t-norm and <0 the continuous t-conorm 
defined on [0,1] x [0,1] hy a*b =max{0, a + b - 1} and a()b =min{l, a + b} for all 
a, b e [0,1]. Now let {a;„}^3 and {yrj}^3 be two sequences of distinct points such that 
AnB = 0, where A = {.x„ : n > 3} and B = {ijn : n>3}. Put X =^ AU B. Define 
two real valued functions M and N on X'^ x (0, oo) as follows: 
1 1 
M{Xn, Xm, t) = M{yn, Vm, t) = 1 
n Am nV m 
1 1 
n Am nM m 
M{Xn,ym,t) = M{ym,Xn,t) = " + — 
n m 
ri 
— 
_n + 
1 1 
— 
m 
and 
N{Xn, Vm, t) = N{ym, X„, t) = I 
for all n,m>3. Then {X, M, N, *, 0) is an intuitionistic fuzzy metric space having no 
intuitionistic fuzzy metric completion. 
Definition 4.4.4. Let {X, M, N, *, 0) and {Y, M' N', *', <>') be two intuitionistic fuzzy 
metric spaces. A mapping / : X -4- y is called uniformly continuous if for each e € 
(0,1) and each t > 0, there exists S G (0,1) and s > 0 such that M'{f{x), f{y), t)> 1-e 
and N'{f{x),f{y),t) < e whenever M{x,y,s) > 1 — S and N(x,y,s) < 6. 
Lemma 4.4.1. Let {X,M,N,*,<}) and (7, M', A/'', *', 0') be two intuitionistic fuzzy 
metric spaces. A mapping / : X —)• F is called uniformly continuous if and only if / is 
uniformly continuous as a mapping from the uniform space {X, U(M,N)) to the uniform 
space (y,U(M',iV'))-
Lemma 4.4.2. Let {X, M, N, *, 0) be an intuitionistic fuzzy metric space and (Y, M', N', 
*',<)') a complete intuitionistic fuzzy metric space. If there is a uniformly continuous 
mapping / from a dense subspace (A, M, N, *, 0) of {X, M, N, *, 0) to {Y, M', N', *', 
<)''), then / has a unique uniformly continuous extension F : {X,M,N, *,<(}) —> 
(F, M', N', *', 0 ') . In particular, F is an isometry whenever / so. 
Lemma 4.4.3. Suppose that {Yi,M{,N[, *[,<)[) and (72,^2, Ar^,*2,02) are two in-
tuitionistic fuzzy metric completions of {X, M, A", *, <)). Then Yi and Y2 are isometric. 
Thus, if an intuitionistic fuzzy metric space has an intuitionistic fuzzy metric comple-
tion, it is unique up to isometry. 
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Theorem 4.4.1. Let {X,d) be a metric space. Then the standard intuitionistic fuzzy 
metric space {X, Md, Nd, *, <» admits (up to isometry) a unique intuitionistic fuzzy 
metric completion, which is exactly the standard intuitionistic fuzzy metric space of 
the completion of {X,d). 
Remark 4.4.1. If {X,cl) is a metric space and define 
Nd,knm{x,y,t) 
kV^ + md{x, y) 
md{x,y) 
kt^ + md{x, y) 
with k,m,n > 0, then iX,Md^knmJ^d,knm^*>^) ^^ ^ ^ intuitionistic fuzzy metric space 
where a * b = ab and a<0>6 =min{l,a + b} for all a,b e [0,1]. In particular, one get 
the standard intuitionistic fuzzy metric space with k = m = n — 1. From Theorem 
4.4.1, (X, M-5 , Nj , *, 0) is (up to isometry) a unique intuitionistic fuzzy metric 
completion of {X, Md,fc_, iVd,fe„^ , *, 0) . 
C. Alaca et al. [2] proved that it is possible to obtain a general solution to the prob-
lem of intuitionistic fuzzy metric completion by using uniform isomorphism instead of 
isometrics. 
Definition 4.4.5. Let {X, M, N, *, 0) and (7, M', A '^, *', <}') be two intuitionistic fuzzy 
metric spaces. Then, X and Y are called uniformly isomorphic if there is a bijection 
f : X ^ Y such that / and f~^ are uniformly continuous in the sense of Definition 
4.4.4. In this case we say that / is a uniform isomorphism between {X, M, N, *, <0*) and 
{Y,M',N',*',0'). 
Lemma 4.4.4. Let {X, M, N, *, 0) and (7, M', N', *', <>') be two intuitionistic fuzzy 
metric spaces. Then X and Y are uniformly isomorphic if and only if the uniform 
spaces {X,\](M,N)) and {Y,'[J(^M',N')) are uniformly isomorphic. 
If {X, d) is a metric, U^ will denote the uniformity induced by d on X. 
Lemma 4.4.5. For any metric space (X, d), the uniformities Ud and ^{Mi,Nd) coincide 
on X. 
Theorem 4.4.2. Let {X,M,N,*,(}) be an intuitionistic fuzzy metric space. Then, 
there is an (up to uniform isomorphism) unique complete intuitionistic fuzzy metric 
space {Y, M', N', *', <)') such that {X, M, N, *, <^ ) is uniformly isomorphic to a dense 
subspace of Y. Furthermore {Y, M', N', *', <)') is a standard intuitionistic fuzzy metric 
space and the uniform space (F, \J{M',N')) is uniformly isomorphic to the completion of 
{X,\J(M,N))-
4.5. On Selected Fixed Point Theorems 
In 2006, Rafi and Noorani [82] introduced an intuitionistic fuzzy contraction mapping 
and proved a fixed point theorem in intuitionistic fuzzy metric spaces (in the sense of 
Park [78]). 
Definition 4.5.1. Let {X,M,N,*,(}) be an intuitionistic fuzzy metric space. Then 
the mapping f : X -^ X is intuitionistic fuzzy contraction if there exists k E (0,1) 
such that 
- 1 <k(-— ^—-I and 
Mif{x)J{y),t) - \M{x,y,t)-l 
N{f{x)J{y),t)<kNix,y,t\ 
for each x,y E X and t > 0. 
Rafi and Noorani [82] gave a definition for an intuitionistic fixed point theorem in 
intuitionistic fuzzy metric space {X, M, N, *, 0) as: 
Definition 4.5.2. Let {X,M,N,*,(}) be an intuitionistic fuzzy metric space and let 
f : X ^ X he an intuitionistic fuzzy contraction mapping. Then there exists z E X. 
such that z = f{z) (we call z an intuitionistic fuzzy fixed point of / ) . 
Theorem 4.5.1. Let {X,M,N,*,{)>) be a complete intuitionistic fuzzy metric space. 
Let f : X ^ X he an intuitionistic fuzzy contractive mapping. Then / has a fixed 
point. 
Definition 4.5.3. [3] Let {X,M,N, *,<!)) he an intuitionistic fuzzy metric space (in 
the sense of Alaca et al. [3]). Then 
(i) A sequence {xn} in X is said to be Cauchy sequence if for alH > 0 and p > 0, 
lim M{xn+p, Xn, t) = 1, lim N{xn+p, x„, t) = 0. 
n—^oo 71—>oo 
(ii) A sequence {x„} in X is said to be Convergent to a point x € X, if for each t > 0, 
lim M{xnjX,t) = 1, lira N{xn,x,t) = 0. 
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Definition 4.5.4. An intuitionistic fuzzy metric space (in the sense of Alaca et al. 
[3]) (X, M, N, *, 0) is said to be complete if and only if every Cauchy sequence in X 
is convergent. 
Definition 4.5.5. An intuitionistic fuzzy metric space (in the sense of Alaca et al. 
[3]) {X, M, N,*,()') is said to be compact if every sequence in X contains a convergent 
subsequence. 
Lemma 4.5.1. (i) If lim x„ = x and lim y„ = y, then M{x, y, t) < lim inf M(x„, y^, t) 
n—>oo n—>-oo n—>oo 
and N{x, y, t) > lim sup N{xn, yn, t) for all i > 0. 
n—>oo 
(ii) If lim Xn = X and lim i/„ = y, then M{x,y,t) > lim sup M{xn,yn,'t) and 
n—>oo n ->oo n—»-oo 
N{x,y,t) < lim inf N{xn,yn,t) for ah t > 0. 
n—>oo 
Particularly, if M{x, y,.) is continuous at a point i, then hm M{xn, yn,t) = M(x, y, t) 
n—¥cx> 
and lim N{xn,yn,t) = N{x,y,t). 
Lemma 4.5.2. Let (X, M, A/', *, <0') be an intuitionistic fuzzy metric space (in the sense 
of Alaca et al. [3]) and {y„} be a sequence in X. If there exists a number A; 6 (0,1) 
such that 
M(yn+2,yn+ukt) > M{yn+uyn,t), 
N{yn+2,yn+ukt) < N{yn+l,yn,t) 
for alH > 0 and n = 1,2,..., then {y„} is a Cauchy sequence in X. 
Lemma 4,5.3. Let {X,M,N, *,<(}) be an intuitionistic fuzzy metric space (in the 
sense of Alaca et al. [3]) and for all x,y G X, i > 0 and if for a number k G (0,1), 
M{x, y, kt) > M{x, y, t) and N{x, y, kt) < N{x, y, t), then x-y. 
The following two theorems extend the well-known fixed point theorems of Banach [9] 
and Edelstein [24] to intuitionistic fuzzy metric spaces in the sense of Alaca et al. [3]. 
Theorem 4.5.2. Let (X, M, A'', *,<C>) be a complete intuitionistic fuzzy metric space. 
Let / : X -> X be a mapping satisfying 
M{fx,fy,kt)>M{x,y,t), 
N{fx,fy,kt)<N{x,y,t), 
for all X, ?/ € X, 0 < A; < L Then / has a unique fixed point. 
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Theorem 4.5.3. Let (X, M, A^ , *,<)) be a compact space. Let f : X ^ X he & 
mapping satisfying 
M{fx, fy,.) > M{x,y,.) and N{fx, fy,.) < N{x,y,.), for all x^y, i.e., 
M(/x,/y,.) > M(x,y,.) and M{fxjy,.) ^ M{x,y,.l 
N{fx, fy,.) < N{x, y,.) and N{fx, fy,.) ^ N{x, y,.), 
for all X j^y. Then / has a unique fixed point. 
The following theorem was given by Jungck [51] as a generalization of Banach's con-
traction principle in metric spaces. 
Theorem 4.5.4. Let / be a continuous mapping of a complete metric space {X,d) 
into itself and g : X -^ X he a. mapping satisfying the following conditions: 
(i) g{X) C f{X), 
(ii) g commutes with /, 
(iii) there exists 0 < k < I such that, for all x,y G X, 
d{9{x),g{y))<kd{f{x),f{y)). 
Then / and g have a unique common fixed point in X. 
In 2006, Turkoglu et al. [98] proved a common fixed point theorem for commuting 
mappings in intuitionistic fuzzy metric spaces which is a generalization of Jungck [51] 
common fixed point theorem in intuitionistic fuzzy metric spaces (in the sense of Alaca 
et al. [3]). 
Theorem 4.5.5. Let {X,M,N, *,<(}) be a complete intuitionistic fuzzy metric space 
and f,g : X -^ X he mappings satisfying the following conditions: 
(i) g{X) C f{X), 
(ii) / is continuous, 
(iii) there exists 0 < fc < 1 such that for all x,y ^ X, 
M{g{x),g{y),kt)>M{f{x),f{y),t), 
N{g{xlg{y),kt)<N{f{x)JXylt). 
Then /, g have a unique common fixed point in X provided / and g commute on X. 
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Rlemark 4.5.1. Jungck [51] has shown by means of an example that Theorem 4.5.4 
is more general than Banach's contraction principle and so Theorem 4.5.5 is also an 
extension of Grabiec's [38] result. 
Now we give an example (due to Turkoglu et al. [98]) that illustrates Theorem 4.5.5. 
Example 4,5,1. Let X = {1/n : n e N} U {0} with the metric d defined by d{x,y) = 
\x - y\. For all x,y G X and t e [0, oo), define 
M{x,y,t)=^ t 0, if t = 0 
if t > 0, 
t+\x-y 
^ 1, ift = 0 
_^ kt+\x-y\ ' ' 
Clearly {X, M,N,*,(}) is a complete intuitionistic fuzzy metric space on X, where * 
is defined by a * 6 = a5 and <0 is defined by a(}b =min{l, a + b}. Define g{x) — f^ and 
fix) = f on X. It is evident that g{X) C f{X). Also, for k = 1/3, 
M{g{x),g{y),t/3) t / 3 ^ 4t (t/3)+liE-iy| 4 i + | x - j / | 
> t _ 4t 
— f+l^nM At+\x-y\ 
= M{fix),f{y),t) 
N{g{x),g{y),t/3) = j^^j^^^^£^\ 
- kt+^Ji^ Akt+\x-y\ 
= Nif{x)J{y),t). 
Thus all the conditions of Theorem 4.5.5 are satisfied and so / and g have the common 
fixed point 0. 
Turkoglu et al. [98] formulated the following definition of weakly commuting and R-
weakly commuting mappings in intuitionistic fuzzy metric spaces (in the sense of Alaca 
et al. [3]) and proved the intuitionistic fuzzy version of the theorem of Pant [75]. 
Definition 4.5.6, Let / and g be mappings from an intuitionistic fuzzy metric space 
{X, M,N,t, <0>) into itself. The mappings / and g are said to be weakly commuting if 
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for all X ^ X, 
M{fgx,gfx,t)>M{fx,gx,t), 
N{fgx,gfx,t)<N{fx,gx,t). 
Definition 4.5.7. Let / and g be mappings from an intuitionistic fuzzy metric space 
{X, Af, A^ , *, <0>) into itself. The mappings / and g are said to be i?-weakly commuting 
if there exists a positive real number R such that for all x 6 X 
M{fgx,gfx,t)>M{fx,gx,t/R), 
N{fgx,gfx,t)<N{fx,gx,t/R). 
Remark 4.5.2. Weak commutativity imphes i?-weak commutativity in intuitionistic 
fuzzy metric spaces. However, i?-weak commutativity imphes weak commutativity only 
when R<1. 
Example 4.5.2. Let X = R be the set of all real numbers. Define 
a * 6 = o6, o-O^ = min{l, a + b}, 
M{x,y,t)=(exp{^-^^)\ , 
, exp ( 1 ^ ) - 1 
N(x,y,t)= I—, 
^ ^ e x p ( M ) 
M{x,y,0) = 0, N{x,y,0) = 1 for all x,y e X and t > 0. Then {X,M,N,*,<}) is an 
intuitionistic fuzzy metric space. Define f{x) = 2x — 1 and g{x) = x"^. Then we have 
M ( / 5 x , 5 / a : , i ) = ( e x p ( ^ ! ^ ^ ) ] , 
exn ("'".-' 
N{fgx,gfx,t) = 
p M i ) _ 1 
exp ( - 4 ^ ) 
M ( / . T , ^ x , t / 2 ) = = ( ^ e x p { ? ! ^ ^ ) ) , 
e x p ( ^ ) - l 
Therefore, for R — 2, the mappings / and g are i?-weakly commuting, but they are 
not weakly commuting since the exponential function is strictly increasing. 
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The following theorem was proved by Pant [75]. 
Theorem 4.5.6. Let {X,d) be a complete metric space and f,g be i?-weakly com-
muting self mappings of X satisfying the following condition: 
d{fx,fy) <r{d{gx,gy)) 
for all x, y G X, where r : R"^  —;• IR"*" is a continuous function such that r[t) < t for 
all t > 0. If the range of g contains the range of / and either f or g is continuous, then 
/ and g have a unique common fixed point in X. 
Turkoglu et al. [98] gave the intuitionistic fuzzy version of Pant's [75] theorem as 
follows: 
Theorem 4.5.7. Let (X, M, A'', *,<C>) be a complete intuitionistic fuzzy metric space 
and / , g be i?-weakly commuting self mappings of X satisfying the following conditions: 
(i) f{X) C g{Xl 
(ii) f or g is continuous, 
(iii) for all x,y (E X and 0 <t < 1, 
M{fxJy,t)>c{M{gx,gy,t)), 
N{fx,fy,t)<c'{N{gx,gy,t)), 
where c : [0,1] -> [0,1] and c' : [0,1] —)• [0,1] are continuous functions such that c{t) > t 
and c'{t) < t. 
(iv) If the sequences {xn} and {?/„} in X are such that for all x,y E X and ^ > 0, 
Mm Xn = X and lim yn = y impHes lim M{xn,yn,t) — M{x,y,t), lim N{xn,yn,t) = 
n~>oo n—>oo n—>oo n->oo 
N{x,y,t), then / and g have a unique common fixed point in X. 
Now we give an example (due to Turkoglu et al. [98]) to vahdate Theorem 4.5.7. 
Example 4.5.3. Let X = {l/n : n G N} U {0} with the metric d{x, y) = \x-y\. For 
all x,y E X and t e (0,oo), define 
M{x,y,t) = - - ^ :, M{x,y,t)= '"" ~ ^' 
t + \x-y\ t + \x - y\ 
M ( x , y , 0 ) - 0 , N{x,y,Q) = l. 
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Clearly, (X, M, A'^ , *, <)) is an intuitionistic fuzzy metric on X, where * is defined by 
a*b = ab and a^b = min{l,a + b}. Further {X, M,N,*, <(>) is complete. Define 
m = i. 9ix) = r^ if X is a rational number, if X is an irrational number. 
It is evident that f{X) C g{X), f is continuous and g is discontinuous. Define a 
function c : [0,1] -)• [0,1] by c{t) = y/t for any 0 < t < 1 and c{t) = 1 for t = 
1, c' : [0,1] -^ [0,1] by c'{t) = t^ for any 0 < t < 1 and d{t) = 0 for t = 0. Then 
c{t) > t, c'{t) < t for any 0 < t < 1 and 
Mifx,fy,t)>c{M{gx,gy,t)), 
NifxJy,t)<c'iN{gx,gy,t)), 
for all x,y e X. Further, / and g are i?-weakly commuting. Thus all the conditions of 
Theorem 4.5.7 are satisfied and 1 is a common fixed point of / and g. 
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